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IHAHTOI'PA® TUIITEI'T MHTETI'PAJIABIK-JU®PEPEHIIUAJIABIK TEHAEYJEPTE TAPAMETPJIEY
OJICIH KOJJAHY
APPLICATION OF THE PARAMETRIZATION METHOD TO INTEGRO-DIFFERENTIAL EQUATIONS
OF THE PANTOGRAPH TYPE
HONPUMEHEHUWE METOJA HAPAMETPU3AIINU K UHTETI'PO-ANPO®EPEHITUAJIBHBIM
YPABHEHUSAM THUIIA TAHTOI'PA®A

Anoamna. Ilanmocpadp munmeei aneawikel menodeynep 1940 oot Mahler  oicymvicmapwinoa
kapacmoipwiizan. On  coleyutbl  apeymenmmepi 0ap @QYHKYUOHANObIK-Ougpepenyuanrovls menoeyiepoi canoap
meopuscoinda xordanzan 6onamuin. 1971 ocvinor J. Ockendon apeymenmmepi mypnenzen Y'(X)=ay(eX)+by(x)
mypinoezi QYHKYUOHANOBIK-OUPpepenyuanoviy menoeyrepoi 21eKmpo8o30bly MOK KaObLIOASLIUbIHGIH KO32AIbICbIH
cunammay ywin Konoanean 6onamuin. Keilinei ke30e nanmoepagh mexmec menoeynep ket Konodanvic madbyoa. Meicanvl
banmanamein (nawmoepagh) mene@or KYpoliblCblH YCmazbli, Y3apmuliambvlH (nanmozpag) Mukpo@or KYpblizblCbl
arcane m.o.

byn maxanaoa [0,1] KeCiHOICIiHOe nanmozpag) mexmec unmezpaidvik-ouepenyuanovi meyoeyiep Jicyieci

Yuwin exi Hykmeni wemmik ecen Kapacmwipnaovl. bepineen ecenmi wiewy ywin npogeccop /. /icymabaes ycvinzan
napamempaiey 20ici Konoanwvlnaovl. On YiH Kapacmulpsblibil OMbIPan apaivikmsl M Oenikmepee 6oaemis. 130eninoi

Gyuryus apbip borixmiy 6bacmanxsl Hykmecinoeei monin A =X (t,_,), i =1,_m napamempi apxvlivl Oenciien aiamvl3

JHcoHe [tH,ti) apanvizeimoa U, (t) = X, (1) — A awacmepyoin scacatimois. Conda Kapacmelpblivin omulpean ecen
@dopmanvdi mypoe exice Ooninedi, seHU NAHMOSPAG MeKmec UHmMeZpanioblK-ouppepenyuandviy menoeynep icyiieci
ywin Kowu ecebi men encizineen napamempiepee KamulCmol Cbl3bIKMbIK aneedpanviy meyoeyaep dicyiecine. CoHbLMeH
ecen, nammozpag) mexmec uHmMeparObIK—OUD@epeHyuarbOoblK menoeyiep icyieci yuin aprauvl Kowwu ecebiniy
wiewiMi MeH Cbul3bIKMblK menoeyiep HCYUeCiHiy WeliMiH aHbIKMAimbly mYyuslkmanzan sxcyiiece kexmipinedi. Conviy
HezI3inde, Dacmankvl ecenmiy WewiMiH AHLIKMAY ai20pUmMi YCblHbIAAOb.

Hezizei cozdep: naumocpag, wemmix ecen, Kowu ecebi, cbi3blKmulK menoeyiep dcylieci, anieopumm,
uHmezpanovik—ouppepenyuandvik meyoey, napamemp, HCyblKmay.

Abstract. The first equations of the 1940 pantograph were considered in the works of Mahler. He used
functional differential equations with compression arguments in number theory. He used functional differential
equations y'(x) = ay(ex) +by(x) with compression arguments in number theory. In 1971, J. Ockendon used functional

differential equations with transformed arguments of the form to describe the motion of an electric locomotive
pantograph. Recently, pantograph type equations have been widely used. For example, a configurable (pantograph)
phone device holder, a retractable (pantograph) microphone device, etc.

In this article, on the segment [0,1] discusses a two-point boundary value problem for systems of integro-

differential equations of the pantograph type. To solve this problem, the parameterization method proposed by
Professor D. Dzhumabaev is used. To do this, we divide the segment in question into m parts. Let's denote the value of

the desired function at the starting point of each segment through the parameters A4 =x (t. ,), i =1,mand replace it
u; (t) = %, (t)— 4 in the intervals [t_,,t;). Then the problem under consideration is formally divided into two parts, i.e.,

a system of linear algebraic equations with respect to the introduced parameters and to the Cauchy problem for a
system of integro-differential equations of the pantograph type. Thus, the problem is reduced to a closed system for
determining the solution of a special Cauchy problem for systems of integro—differential equations of the pantograph
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type and a system of linear equations. Based on this, an algorithm for determining the solution of the initial problem is
proposed.

Keywords: pantograph, boundary value problem, Cauchy problem, system of linear equations, algorithm,
integro-differential equation, parameter, approximation.

Annomayus. Ilepsvie ypasnenus nanmoepaga 1940 200a 6viu paccmompenwt ¢ pabomax Mahlera. On
UCNOIb308aL PYHKYUOHATILHO-OUPDPepeHyuaibHble ypasrenus ¢ apeymenmamu cocamus ¢ meopuu yucen. B 1971 200y
J. Ockendon ucnoavzoeans ynxkyuonanvro-ouggpepenyuanvivie ypasuenus ¢ npeobpas08anHbMu apeyMeHmami 6UOd

y'(x) =ay(ex) +by(X) ona onucanus deusicenus moxonpuemnuxa s1ekmpososa. B nocrednee spema ypasnenus muna

nawmoepagh Haxoodsm wupokoe npumenenue. Hanpumep, nacmpaueaemolii (nanmozpag) oepiicamenv mene)OHHO20
YCMPOUCMEa, GblOSUNCHOE (NAHMO2PAD) MUKPODOHHOE YCmPOUCmE0 U m. 0.

B oannoii cmamve na ompeske [0,1] PACCMOmMpeHa 08YXMOYeyHas Kpaeeas 3a0aua O/ CUcmem UHmezpo-
ougpepenyuanvhvix ypasHenuu muna nawmozpaga. [na  peweHus OaHHOU 3A0aY¥U  UCNONb3YEMCA  Memoo
napamempuzayuu, npeonodcenuviii npogeccopom M. [ocymadbaesvim. [Qusa 2moz2o paccmampusaemuiii ompe3ox
pasbusaem paccmampusaemviii unmepsan na M uacmu. Obo3Hayum 3Havenue UCKOMOU QYHKYUU HAYATLHOU MOUKe
Kaoicooti ompeska uepes napavempor A =X (L), i=1m wu npouseedem szameny U,(t)=X(t)—A 6 unmepsanax
[t_.t). Toz0a paccmampusaemas sadawa Gopmarvho Oenumcs na Oee uacmu, m. e. CUCMEMA JAUHELIHbIX
aneebpauyecKux YpasHeHuu, OMHOCUMETbHO 66e0eHHBIX napamempog u K 3adave Koww 015 cucmemvl unmespo-
ougppepenyuanvhvix ypasuenuu muna naumoepaga. Takum obpazom 3adaua c600UMCA 8 3AMKHYMYIO cucmemy O0/is
onpedenenus pewieHus cneyuanvrHou 3sadauu Koww o0na cucmem unmezpo—ougdepenyuanibHulx ypaeHenuu munda
nawmospaga u cucmemy JuHelinvix ypasHenuu. Ha ocnoge smozo npeonacaemcs ancopumm onpeoenenuss peuenus
UCXOOHOT 3a0aUu.

Knrouesvie cnosa: nanmoepag, kpaesas 3adaua, 3adaua Kowwu, cucmema nunelinbix ypasHenuu, aiecopumm,
unmezpo-oughpepenyuanvroe ypasruenue, napamemp, npubIuiIceHue.

Kipicne

[MTantorpad Tunrteri TeHmeysnep amramkbl pet 1940 »xbutet Mahler-gin [1] sxymbichiHaa
ke3geceni. On CBHIFYIIBI apryMeHTTepi 0ap, (QYHKIIMOHAIABIK—IU(QGEpeHINATIBIK TeHICYISP I
CaH/ap TEOPHICHIHIA KOMAaHAIbI.

1971 xbutst J. Ockendon [2] TypieHreH apryMeHTTi

y'(x) =ay(x) +by(x)

byHKIMOHATABIK-TUPGEPEHITUANABIK ~ TCHACYIEPl SJIEKTPOBO3JBIH TOK KAaObUIIAFBIIIBIHBIH
KO3FAJIBICBIH CUTIATTAY YIIIH KOJIJaHFaH O0IaThIH.

Cyper 1. TponneiiGyc nantorpagsl

1972 x. xymeiceiaaa G R Morris, A Feldstein sxone E W Bowen [3]

y'(x) =-ay(ex), y(0)=1
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TEHJICYIHIH IIEeKCi3 Kem Hejjaepi 0ap OONaTHIHABIFBIH KoHEe OyJl HYKTenepae OacTamKbl €CenTiH
HICTIMi JKaJIFbI3 EMECTITTH, HEMECE MYJIZEM OOIMaUTHIHABIFBIH KOPCETKEH O0IaThIH.

BrIkOBTHIH [4] KYMBICTapBIH/IA SKIHIII PETTi MaHTorpad TEKTeC TEHASYIep 3epPTTEelil, Keleci
JKAJIITBUTAHFaH KCIOHEHTANBIK, YKAJIMbUIAHFAaH KOCHHYC >KOHE JKaNINbUIAHFaH CHUHYC (DYHKIHUsIIap
EHTI31JreH 0O0JIaThIH:

e = igk(zl) i cos, (t) = i(_l)k PUCiS t*
k=0 k! Py (2k)!
sin, (=3 (1) e L
’ k=0 (2k +1)!

BBIKOBTBIH ~ JKYMBICTApbIH/IA KAIMBUIAHFAH KOCHHYC JKOHE JKaJIbUIAaHFAaH CHHYC
GbyHKIUSIApHI

y'(t) = y(e’t)

TEHJICYiHIH MIeNTiMi OOJaTHIHIBIFBI KOPCETUITEH.
Allserles xone Yunkang Liu [5] xanmbuianfad THIEpreOMeTPUSUTBIK (OyHKIUSIIAPIBI

y’(t)=ay(t)+j. y(gs)ds+Jl' y'(es)ds, t>0,

y(t)+j y(gs)ds+'1[ y'(es)ds=0, t>0,

TYpIHAETI UHTErpasAblK—Iu(depeHIuaNIbIK  TeHACYIEPIIH IIEHNMACPIH aHBIKTay  YIIiH
KOJIJIaHFaH.

[6] PomOHOBTHIH >KYMBICBIH/AA anreOpaliblK CTPYKTypajlap MEH apHailbl KeOeHTy amMaiblH
KOJIJIaHy apKbUIbI

o K
f(x)*g(x)= ZZ figjgu F1
k=0 i+j=k .
naHTorpad tuntec AUQGepeHIHATABIK KoHE (PYHKIUMOHAIABI-AU(PGEpeHINATABIK TeHAEYIEpIiH
HICUIIMIH aHbIKTay JKoJjaapbl KenTipiareH. COHBIMEH KaTap, €HTI3UIreH amaliFa KaTbICThI
KaJMBUTAHFaH KOCHHYC JKOHE KAJIBbUIAHFAaH CHHYC (YHKIMSIIAPBIHBIH KAaCHUTETTEpl KOPCETIITEH.
Meicansl,

sin_(x)*sin_(x) +cos,(x)*cos,(x) =1.
Keitinri ke3e manTorpad TUTIHIETT TEHACYIEp KeH KoJaaHbic Tabyaa. Mpicansl OanTanaThiH

(manTorpad) tenedoH KypbUIFBICHIH YCTAFBIII, Y3apThUIaThIH (MaHTOTpad) MUKPOPOH KYPBUIFBICHI
’KOHe T.0.
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Cyper 2. banrranateia (manTorpad) teneoH KYpbUIFBICHIH YCTaFBIII, Y3apPThUIATHIH
(manTorpad) MUKpO(OH KYPBUIFBICHI

HoaTnxkesiep MeH TaJIKbLIAY
[0,1] KECIHJIICIHe MaHTorpad TUITEri MHTErpaIAbIK-IuddepeHanablK TeHaeyep Kyhect
YIIIH €Ki HYKTeJ METTIK ecell KapacThIpaMbl3,
dx

—=A(t)x(gt)+j.K(t,s)x(s)ds+ ), e=—<1, 1)
dt 5 m

Bx(0)+Cx(1) =d, (2)

(1) renmeyne A(t) matpumacer men f(t) BekTOp-GyHKIMSICHI [0,1] apabIFbIHIA Y31TiCCi3,
an K(t,s) eseri coiikecinme [0,1]x[0,1] apanbmweiaga ysimiccis Gomewin. B,C-n  emmemi
KBaJpaTThl MaTpHIa, ain d - N ememi BEKTop.

KapacTslpbuiblll OThIpFaH ecenTi miemy yuiH mpodeccop [.J>kymaOaeBThIH €HIi3reH
napamerpiey omici KoiamaHeuianbl [7]. bacramkeina mapaMerpiey  ofici  KapamamaiibiM
mubdepeHIMaNABIK TEHACYNep YIIIH €Kl HYKTENl HIeTTIK €CEeNTep/iH HIeIIIMIH aHBIKTay YIUiH
KosijaHbulFraH OonateiH. Keilin mapamerpiey oxici auddepeHuuanplk oHEe HHTETpaIbIK—
nudepeHIHaNIBIK TeHACYIep KYyhecl YIIH OpTYpil IIETTIK €CenTep/l IIeuryae KOJAaHbLIFaH
6onateid [8-11].

bepinren ecemnTi miemry yiriH mapaMmeTpiiey 9MICiH KOJIJAaHAWBIK, O YIIIH KapacThIPBLIBII

m
oL .. 1. —
orbipran [0,1] kecingicia m apansikrapra Geneiiik: [0,1) = U[ti_l,ti )ty =0t =t +=,i=1m.
i1 m
Ochburait 6enmyni xy3ere aceipranga 0<t <1 apaneiFbiHga katca, oHga 0< et <& apanbiFbiHIA

JKaTaubl xKoHE h=—.
m

X (t) - X(t) dyHKIHEACHIHBIH op6ip [ti_l,ti ) i =1,_m apanbIFblHA CHIFBLTYHI OosichkiH. OHpa (1),

(2) ecebin Kemeci IKBUBAJICHT €CEMIEH aybICTBIPYBIMBI3Fa 00JIaIbI.

%: A(t)><1(<9t)+zmljj K(t,s)x;(s)ds+ f (t), [t,t), i=Lm, ©)

=Lt

Bx (0)+C Itig? X, (t)=d, 4)

10
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tI%itrrloxp(t):x (t,), p=1Lm-1 (5)

p+1

A, apKpuIbl X;(t) QyHKUMsACHHBIH t=t _,, i =1m HyKTeciHaeri MoHIH Oenriyen alablK, SFHU

A =X (t_,), i=1,m sxone [t_..t) apamsiFbiaza u;(t) = X, (t) — 4 anmactsipysIH xacaiibik. CoHza,

t.

%: A(t)[ul(gt)+21]+jzn:‘j1 K(t,s)[u;(t)+4; |+ f(t), i=Lm, (6)
U [ti—l]zo’ i:l’_m’ ()
BA, +C4, +Climu,(t)=d, (8)

}”P+tLitTouP(t):ﬂ’P+l’ p=1Lm-1. 9
Conma (3)—(5) ecebin ¢dopmanbai Typae eki ecemnke Oenemis, srHH U (t) (yHKIHMSICHIH
aHpIKTay yuIiH (6), (7) mantopad TuUnNTeC HHTErpajaAblK—IuddepeHInanablK TeHAeyIep XKyieci
yurin Komm ecebi MeH eHri3iinren A, mapametpiiepi anslkTay yriH (8), (9) ChI3BIKTHIK aareOpaibik
TEHJCYJIEp JKyHeci.
A; TlapaMeTpiHiH MoHAepi Oenruii aen ecenrecek, (6), (7) manTorpad THUNTEC UHTErPaIbIK-

muddepeHIMaNABIK TeHaeynep xyiect yurin Komm ecebi memiMi Keneci HHTErpaiiblK TeHISYIep
JKYHeCIMEH aHbIKTaJIabl:

t t b

U (1) = | A(z)u,(er)dz + j A@)dz-4+ [ D j K (z,s)u,(s)dsdz +

tiy tig J=lt,

+j i JL K(z,s)dsdz - 4, +j. f(r)dr, te[tifl,ti), i=1m (10)

t, J=1 tia Gy

. - . 1
biprenzaen xybIKTay SIICIMEH Kelecl TeopeMaHbl Janenaeyre 6onaapl. MyHaa ¢ =—<1
m

OoNFaHABIKTaH KOHE [0,1] apaJIbIFbIHA ||A(gt)||£||A(t)||£a KOHE CBIFYIIBl OMEPaTOPIbIH

KacHeTTepl KoJaaHbUIasl. [lonenney eTe ayKbIMAbl OOJFaHABIKTaH, MYH/IA KeNTIpUIME .
Teopema. Erep,

0, =e"pe<1

mIapTel OpbIHAanca, oHaa (6), (7) wmHTErpamablk-muddepeHIHaNabK TeHIAeYylIep XKyheci YIIiH
apHaiibl Ko eceOiHiH memiMi xanrbi3. MyHia ||K(t, S)|| < p, a,f - TypaKkThUIap.

(10) mHTEpaNABIK TEHACYNEp KYHeciHeH IimO U.(t), i=1m mekTepai aHbIKTAibIK KoHE A
t—=t—

EHTI3UITeH mapaMeTpliepiH aHbIKTay yiIiH (8), (9) meTTik mapTTapblHa KOSIMBIK, COH/IAa €HI131ITeH
napamMmeTpiiepre KaTbICThI KeJIeCi ChI3BIKTHIK aare0paliblK TeHIEYIep KYHECIH ajJambl3.
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B4 +CA,+C J. A(7)u,(e7)dt + I A(r)dr- A, + J. Z I K(z,s)u;(s)dsdz +

tm—l mlJltjl

+j zj K (z,s)dsdr- A, +j f(r)dr |= (11)

=ty

A, + j A(D)u, (e7)d T + j A(z)dz- A, + j Zj K (z,s)u,(s)dsd7 +

ty 171,

tP m tJ tP
+{> K(r,s)dsdr-/lj+j f(r)dr =2

=Lt

p=1m-1. (12)

p+1?

tpa tpa

A, TlapaMeTpiepiHe KaTbICThl ©pPHEKTEpAl TeHAeyJep XKYHEeCiHIH cOJl XaFblHa, ajl KaJlfaH

OpHEKTep/l TeHACYNep KYyHeciHIH OH >karblHa mibFapcak, oHaa (11), (12) ChIBBIKTBIK TEHAEYIEP
JKYHECIH KeJleci Typ/ie xa3yra 00aibl.

[B+cj A(r)dz‘}ﬂl+CjZJ. K(z,s)dsdz- 4, +CA,

mljltjl

ml

=d-C j f(r)dz-C j A(r)u,(e7)dr - C j Z j K (z,s)u, (s)dsd, (13)

tna tna m1jlt;1

tp

[I +] A(r)er 2 +tjzj K(z,s)dsdz -4, - 4, :-j f(r)dzr— j A(r)u, (r)dz —

tha j-1 toa toa

t t;

jii_r K(z,s)u,(s)dsdz, p=1m-1. (14)

ty 171,

(13), (14) Tennmeynep xyitecinne A, xarsictel Marpunansl Q, (h)-men Oenrineiik, anm oH
xarpiHaarel  f (t) epHerine coiikec kemerin wuHTerpamgapast F (h), am u.(t) wmymenepi Oap

unTerpangapasl G, (U,h) - nen 6enrineitix, sirHy,

FT(h)=|d-— j f(r)dr,tjf(r)dr,...,t"f f(r)er

tm—l t0 tm—2

G! (uh)=(G,,(u.h).G,,(u.h)....G, ., (u.h)),

wysnarer, G, (U,h) = j A(7)Y, (r)dr+}Zm: [ K(z.5)u;(s)dsdr,i=1,m.

|1 t|1]_1t
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Conpna enrizinren A, mapamerpiepine KatbicThl (13), (14) CBIBBIKTBIK TEHICYNEp KyieciH

KeJiecl Type xka3yra 00ma bl

Q. (M4 =-F,(h)-G,(u,h). (15)

CoHbIMEH, (ﬂ,u[t]) monzepi (10), (15) Tyiiblk >KyiieciHeH Keleci alropuTM apKbUIBI

AHBIKTAJIa/Ibl;
1-kagam. Q,(h) wmartpumaceiHeIH Kepi Marpumacel 6ap nen ecenren, Q_ (h)A=-F, (h)

tenaeynep xyitecinen A = (/11(1) ey ﬂ,rf]l)) e R™ mapamerpiepinin 1-mi KybIKTAIFaH MOHIH
anbIkTaiiMbis, aran ALY = -[Q, (h)]_1 F.(h).

0) 1-mi xyeikTamran A, i=1m wMonzepin (6) naHTtorpad TEKTEC HHTErpasIIbIK-
muddepeHIHANABIK TCHISYJIEP KYHECIHIH OH JXKaFblHA KOSMBI3 JkoHe (7) mapTThl MaiaaiaHbIIL,

apHaiibl Kormm eceGiniH sKybIKTaFaH uremimin ansikraiimeis: U@ [t] = (ul(o) (), u(t),...,u? (t)) .

ITpomecti xanracTeipa OTBIPHIN, K-IIbI Kagamjaa (ﬂ,(k),u(k) [t]), k=0,1,... )ynTapbHbIH XKyieciH
AHBIKTAMBI3.

OcbLnaiilia aHBIKTAIFAH A = (/i, - /im) eR™, a[t]=(0,(t),0,(t),....0,(t)) snemenrrepineH
KYpBUIFaH (ﬂ:, l][t]) KyObl (6)-(9) ecebinin memimi Ooinca, OHAa TaOBUFAaH MOHIEPIL
() =0a,@t)+ 4, X(T)= tIim0 0 ()+4, r=1m, te [t,..t,) Temnikrepine koiibm, X[t] (1), (2)

eceOiHiH XKYybIKTaIFaH IIeNIiMiH aHbIKTayFa 00a/bl.

KopsbITbIHABI

Byn »xyMpicTa TapameTpiiey oNiCiH KOJJJaHa OTBIPBIN, MaHTOrpad THUNTEC WHTETPaIbIK-
muddepeHMaNAbIK TEHJEY VIIIH IIETTIK ecel 3epTTenreH. bepinren ecenke mnpodeccop
J.JbxymabaeBThIH TMapaMeTpiiey ojici KoiamaHbUiAbl. JKaHa aWHBIMAJIbUIAp EHTI3Y apKbLIBI
Oacrankel maHTorpad TeKTec HHTErpaygblK-TuddepeHInanablK TeHaeyaep xyieci yuin Komm
ece01 anbiaabl. Kimni apaneikra Koy eceOiHIH KanFbI3 memrimMi 00JaThIHABIFR KepceTuial. EcenTiy
KYBIK LICIIIMIH aHBIKTay aJITOPUTMI YCHIHBUIJABL. AJIBIHFAH HOTHOKEJIEepAl maHTorpad THUMIHJETI
nepOec TYBIHIBUTBI MHTETPATIBIK—Iu( depeHITnaIIbIK TeHACYIEeP Il MeNyae KoJIanyFa 00iaibl.

Kymbic Kazakcran PecmyOmnukacel FhUabIM JkoHE jKOFapbl OLTIM MUHHUCTPIITiHIH FhulbIM
xomuTteTi (rpanT Ne AP23488086) KapKblmaHAbIpy asiChIHAA OPbIHAAIFAH.
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O PABPEHIMMOCTH ITPSIMBIX 1 OBPATHBIX 3AJAY VIS OJHOI'O KJIIACCA
BBIPOKJIEHHBIX TAPABOJIMYECKUX YPABHEHUI C UHBOJIIOLIMEN
ON THE SOLVABILITY OF DIRECT AND INVERSE PROBLEMS FOR A CLASS OF
DEGENERATE PARABOLIC EQUATIONS WITH INVOLUTION
HNHBOJIIOIUACHI BAP ABFBIHIAJIFAH ITAPABOJIAJIBIK TEHAEYJIEPAIH BIP KJIACHI YIITH
TYPA )KO9HE KEPI ECEIITEPAIH INEINIMALIITT TYPAJIBI

Annomayusn. B oannou pabome 015 8v1poscOeHHbIX OUPDY3UOHHBIX YPABHEHUSA C UHBOLIOYUEH UCCTeOVIOMCA
B0NPOCHL PAPEWUMOCU NPSIMOTL U 0OPAMHOU 300a4u no onpedeienulo npagoll yacmu. Paccmampusaemces ypasuenue
¢ OpobHbIM BPOU3600HBIM 6 cmbicie Kanymo. B anaunmuueckoll yacmu paccmMampueaemo2o YPAaeHeHus: yuacmeyen
HeLOKAIbHbIL ananoe onepamopa Jlaniaca ¢ Kodphuyuenmom, 3a8Ucsuuil Om 6PEMeHHOU NepPeMeHHOIL.

Ipu uccnedosanuu smux 3a0au no PEMEHHOU NEPEMEHHOU NOAYYAeM OOHOMEPHOE 8bIPOICOCHHOE YPABHEHUE C
Opobnotl npouszeoonoti Kanymo. Peuwienue 3mo20 YpasHeHUs Gblpadcaemcs uepe3 CREYudibHOU QYHKyuu muna
Kunbaca-Catico. Ananoeuuno, no npocmpaucmeeHHOU NePeMeHHOl NOIYUaemcs CHeKmpanvHas 3a0aya  Ojis
HeoKAIbHO20 onepamopa Jlannaca ¢ Kpaegvim yciosuem JJupuxie. B senom eude naxooum cobcmeenmvie QyHKYuU u
cobcmeennble 3HAYeHUs. FMOTL 3a0a4U U NOKA3bIEAeM NOJHOMY CUCTeMbl COBCMEeHHbIX PyHKYuUil 6 npocmpancmee L, .

Hcnonvzys knaccuueckuii memoo @ypoe peuienus paccmampueaemvblx 3a0a4 UuYymcs 6 8UOe pasiodicerusi 8 psio
no cobcmeennviM  Qynkyuam. Joxkasana abcomomuas u PAGHOMEPHASL CXOOUMOCHb D008, BO3MOJICHOCHb UX
nounenHo20  Oouggepenyuposanus NnO  8CeM  NEPEMEHHbIM U AOCONIOMHAS U PAGHOMEPHAS — CXOOUMOCHIb
ougppepenyuposannvix psioos. OCHOBHbIE YMEEPICOCHUSL OMHOCUMENLHO PACCMAMPUBAEMBIX 3A0aY NPUBEOCHDL 6 BUOE
meopem 0 Cyuecmeosanst U eOUHCIMEEHHOCMU.

Knrouesvie crosa: ypasnenue cyoougpysuu, npouzsoonas Kanymo, neroxanvuwiii onepamop Jlannaca, npsamas
sadaua, obpamuas 3adaua, memoo Pypve, pynxyus Kurbaca-Caiico.

Abstract. In this paper, for degenerate diffusion equations with involution, the solvability of the direct and
inverse problems for determining the right-hand side is studied. The equation with a fractional derivative in the Caputo
sense is considered. The elliptic part of the studied equation involves a nonlocal analogue of the Laplace operator with
a coefficient depending on the time variable.

By studying these problems with respect to the time variable, we obtain a one-dimensional degenerate equation
with a fractional Caputo derivative. The solution of this equation is expressed by a special function of the Kilbas-Saigo
type. Similarly, for the spatial variable, we obtain a spectral problem for the nonlocal Laplace operator with the
Dirichlet boundary condition. We explicitly find the eigenfunctions and eigenvalues of this problem and show the
completeness of the system of eigenfunctions in space.

Using the classical Fourier method, solutions to the problems under consideration are sought in the form of
expansions in a series of eigenfunctions. The absolute and uniform convergence of the series, the possibility of their
differentiation term by term in all variables and the absolute and uniform convergence of the differentiated series are
proved. The main statements concerning the problems considered are presented in the form of existence and uniqueness
theorems.

Key words: subdiffusion equation, Caputo derivative, nonlocal Laplace operator, direct problem, inverse
problem, Fourier method, Kilbas-Saigo function.

Anoamna. Byn scymvicma ungonoyuscvl o6ap azeblHoanean oug@ysus meyoeynepi yuin mypa Jicane oy JHCAK
bonicin anvikmay xepi ecenmepiniy wewiny macenenepi sepmmenedi. Kanymo magvinacvinoa 6oauex myviHobicol 6ap
menoey Kapacmulpuliadsl. Kapacmuipviivin omuipean menoeyoiy 2IAUNCMIK 001ieT YaKbim AUHLIMAIbICLIHA MaYendi
Koagpuyuenmi 6ap Jlaniac onepamopuvinbly OEUIOKAT AHAIOSbIH KAMMUObL.

Ocwbi ecenmepOi 3epmmey 6apbiCbIHOA YAKbIM AUHLIMATLICHIHA Kamblcmbl Kanymonwiy 6onuex mywvinovicol 6ap
0ip onuemoi aszvinoanrean menoeyin aramuls. byn menoeyoiy wewimi Kunbac-Catico mypindeei apuaiivt ¢ynkyus
apxwviavl eprexmenedi. Con cuskmul, Keyicmikmix auHvimansl boluvinuia betinoxan Jlannac onepamopul ywin Jupuxie
wieKkapavlK wapmol Oap cnekmpJik ecen anvlnaovl. biz oyn ecenmiy meHwikmi QQYHKYUAIAPbL MeH MEHUWIKMI MOHOePIH

atikbin mypoe mabamul3 dcone MeHulikmi Qynkyusaiap scyieciniy L, keyicmixmezinoe monvlkmoievin kopcememis.
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Knaccukanvix @ypve 20icin Konrdana omulpvin, KapacmulpbliamblH ecenmepoiy WeuwiMoepi MeHWIKmi
QyHKYUsIIAp apKbLIbl JCiKmenzen kamap mypinoe izoenedi. Kamapnapowiy abconiommi dicone Oipkenxi
HCUHAKMBLIBIZbL,  ONAPObIH — OAPILIK  QUHLIMAABLIAP — OOUbIHWA — Mywenen  Oug@epeHyuanoay  MyMKiHOLZL,
ougppepenyuanoanean Kamapaapovly adbcomommi dicaHe OIPKENKI JCUHAKMbLIbIZbL OaneldeHzeH. Kapacmuipviivin
OMBIPEAH Maceienepee KamvliCmvl He2i3el MYCbIPbIMOap WewiMHiy 0ap dcane Jicanevl3 OOIYbl Mypaibl Meopemanap
mypinoe bepineeH.

Hezizei co30ep: cyooughpysus menoeyi, Kanymo mywinosvicel, beiinokan Jlannac onepamopsi, mypa ecen, Kepi
ecen, @ypve a0ici, Kunoac-Caileo gpynkyuscol.

BBenenue

B coBpeMeHHOI Hayke OCHOBOH OOJIBIIMHCTBA MOJIENCH, ONMUCHIBAIOMIMX (QU3NYCCKUE U
XUMHUYECKHE MPOIECChl, dKOHOMUYECKUE U COLUAIBHO-OMOJIOTHYECKHE SIBJICHUSI 1 MHOTUX APYTUX,
cayxar nuddepeHmanbHple ypaBHEHUs IpoOHoro mopsaka. IlompoOHoe cBemeHus 00 ITHX
MOJIEISIX MOKHO HAWTH, HAallpUMep, B CIPABOYHUKE MO APOOHOMY HCUHCICHUIO C MPUIOKEHUSIMU
[1] u nuTeparype B HUX.

XOTs K HACTOSIIIEMYy BPEMEHHU ObLIO OMyOJMKOBAHO MHOMXECTBO pPabOT, MOCBSIIEHHBIX
muddepeHIMATFHBIM YPaBHEHUSAM JAPOOHOTO TMOPSIKA M Pa3IMYHBIM HX TMPHIOKCHUSM, TEM HE
MeHee, Teopus IpoOHBIX MU depeHanbHbIX YpaBHEHHH ¢ IepeMeHHBIMU K03 PHIIeHTaMu erie
Janieka OT TOJTHOTHI.

B pa6ore A.A.Kunbaca u M.Caiiro [2] Obuto usydeHo auddepeHInaaIbHoe ypaBHEHHE
JpOoOHOTO MOpsAKA CIETYIOMIETO BUA,

o DU(t) + Atfu(t) = g(t),0<t,

rae, O<ea,pf >—{a},RL D”- npousBognas mopsaka « B cMbicie Pumana-JInyBuwiuia. Pemenue

3TOTO YpaBHEHUS BBINMCaHA B SIBHOM BHUJE C MOMOIIbIO CHEIHMANBHON (YHKIIMHU, 3aBHUCSINEH OT
Tpex napamerpoB (¢pyHkuus Kunbaca-Caiiro).

LS (E Tlami+)+1] ),
Eam @ =142, Hr[a(mj+|+1)+1] 2

k=1\ m=0

Bonee obmiee ypaBHeHHs TpOOHOTO MOpsKa ¢ MEPEMEHHBIMH KO3 (UllMeHTaMi U3y4YeHBI B
pabotax [3-5]. B wactHocTH, B pabote [5] ucnonbk3ys MeTos mpeodpas3oBanus Jlamaca, mocTpoeHb!
SABHbIE pELIEHUs] JApOOHOTro MHTErpo-AuddepeHInaIbHOr0 YypaBHeHHs Tuna Bonbreppa ¢
NEepEeMEHHBIMH KO3 PHUIIHEHTaAMHU.

[Mukn pador D.Suragan u coaBTOpoB [6-8] OBLIM MOCBSIICHBI K TOCTPOSHUIO SIBHOTO BHJIA
pemieHnii  obmiero udepeHaIbHOr0  ypaBHEHHUS JPOOHOro TMOpslKa C TMEepeMEHHBIMU
kodp¢unmentamu. B 3THX paboTax paccMaTpuBalIMCh YpaBHEHHs C TNPOM3BOAHBIMM Pumana-
JInyBunns, Kanyro u Xunbsgepa. B kauecTBe npuiiokeHus MOJy4eHHbBIX pe3yabTaToB B padote [8]
OBLIM M3y4eHbl HauaJdbHO-KpaeBble 3aJaud JUIsl YPaBHEHUH B YAaCTHBIX MPOU3BOJIHBIX IAPOOHOIO
HopsijiKa ¢ IepeMEHHBIMU K03 puiimeHTamu.

HauanpHo-KpaeBble 3a7auu Uil BBIPOKACHHBIX TU(D()Y3MOHHBIX YpaBHEHU HCCIeI0BaINCh B
paboTax MHOTOYHCICHHBIX aBTOpoB. Tak B padore M.Kirane u coasropos [9] B ciyuae N=1 B
IPSIMOYTOJIBHOM 00JIacTH U1 IPOOHOTO aHAJIOra BBIPOKICHHOIO MapaboIMvecKoro ypaBHEHHs C
UHBOJIIOIIMEH H3ydeHbl OOpaTHble 3aJaud IO ONpEICNICHUIO IMpaBOW YacTH, 3aBUCSIIEH OT
IIPOCTPAHCTBEHHOW nepeMeHHoW. MertonoM @Dyppe HalAeHBI KIACCUYECKHE PELICHHs 3a1ad C
KpaeBbIMU yciioBusamu Jupuxie u Helimana.

B nmanmpneiimem, B pabGorax [10-12] aHamoruyHble WCCIENOBAHMS TPOBOJUIUCH IS
BBIPOXK/ICHHBIX YpaBHEHHI B KOHEUHBIX W OecKkoHe4YHbIX oOinacTsax. Ilpum 3Tom paccMaTpuBaniuch
YpaBHEHUS C JIMHEWHBIMU U MOJMWIMHEHHBIMH oniepatopaMu. B yactHoctu, B padote [12] B
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JUHEHHBIX W HEJIMHEWHBIX CIIy4asX TIOJY4YCHBl ONTHUMAIbHBIE OIICHKH CKOPOCTEH 3aTyXaHHs
pelIeHU.

B paGore [13] paccmoTpeHna 3a1aya MOIeIMPOBaHUs Tporecca TepMoanddy3un B 3aMKHYTOM
METaJUIMYeCKOM  TIPOBOJIE, OOCPHYTOM  TOHKHM  JIUCTOM  H3OJSIIMOHHOTO  Marepuala.
MonenupoBaHue 3TOro MpoIecca MPUBOTUT K PACCMOTPEHUIO OOPATHOM 3aa4u JJisi OAHOMEPHOTO
BBIPOXKJCHHOTO JIPOOHOTO ABOJIOLNMOHHOTO YpaBHEHUs ¢ MHBoOmonued. [IpuMeHneHuem metona
pas3zenieHus MEePEMEHHBIX JO0Ka3aHbl TEOPEMbl O CYIIECTBOBAHUU M CIWHCTBEHHOCTU PEIICHUS
paccMaTpuBaeMOM 3a1a4H.

Janee, B pabote [14] uccnenoBanbl BRIPOKICHHBIE TPOOHO-JUTUNITHYCCKHE YPAaBHEHUS THIIA
Tpukomu—I ennepcrenra—Kenapima. J[okazaHsl TeOpeMbl O KOPPEKTHOCTH APOOHO-IIIITUINITHYCCKUX
KPaeBBIX 33J1a4 JIsI OOIIUX MOJIOKHUTEIBHBIX OMEPATOPOB C TUCKPETHBIMU CIIEKTPOM.

OTMeTHM, Tak)Ke 4YTO OOpaTHBIC 3a/Jaud IS OJHOMEPHBIX MapaOOJIMUYEeCKHX ypPaBHEHHH C
WHBOJIIOIIMCH C KOMIUIGKCHO3HAYHBIMBI TIEPEMEHHBIMU KOX((UIIMEHTAaMH H3y4eHbl B paboTax
[15,16]. YcraHOBIEHBI CYHIECTBOBAHME M €IMHCTBEHHOCTbh PELIECHUS H3y4yaeMbIX 3a7ady. A B
pabotax [17,18] oOpaTHble 3amaun U3ydeHb! UIS ypaBHEHUN nuddy3un ¢ 00MIKUM SIUTUNITHYECKUM
onepatopoM. Kpome Toro, cBoiicTBa ornepaTopoB ¢ HUHBOJIIOTUBHBIMH IPE0OPA30BAHUAMU H3YyUEHBI
B paborax [19,20].

B Hacrosmield pabore paccMaTpuBaeTCsl  BBIPOXKJIEGHHOE ypaBHeHUE AUGGY3UH ¢
HEJIOKATBbHBIM orepaTopoM Jlammaca. PaccmaTpuBaeMoe HaMu ypaBHEHHE BXOIST B KJacce
mubdepeHIIMaNbHBIX ypaBHEHUN ¢ wuHBOMIONUMEeH. Panee Takue 3amaum [Uisi ypaBHEHHH ¢
WHBOJIIOIIMCH B OCHOBHOM HCCIICZIOBAJIUCH B OJJHOMEPHOM HJIM JABYMEPHOM Ciiy4ae. B oTimuue ot
3TUX paboT aBTOPOB, B JAHHON paboTe 3ajaui U3Y4al0TCs B N-MEPHOM cllydae.

[Tepexonum K [IOCTAHOBKE 3a/1a4M. [Tycth Q=I1x(0,T), rIe

Hz{XeR”:O<Xj<pj,jzl,...,n} - mapamtenenunen, Pp;>0 wu T >0. Paccmorpum

orobpaxenns S;:R" > R", 1< j<n Buna

ij:(xl,---,XH, P; _XJ"XJ'+1""’X”)'

Ecnn paccMOTprM BCEBO3MOKHBIE TPOU3BENCHHE OTOOpakeHuit S;, 1< j<n, To obuiee

KOJIMYECTBO TAKUX OTOOPAKEHHH ¢ yueToM oToOpakenus S,X = X Oyzaer 2" . Jist HyMepaluu dTHX

OTO6pa)I(CHI/II>'I MBI BO3IIOJIB3YCMCS 3allUChIO LICJIOTO YUCia B JBOUYHOM CHCTeMe ucuucieHus. Ecim
i HHJCKC, TO KPOME 00BIYHOT0 0003HAYCHUS MBI 6y,ueM TAaKXXC HMCIIOJIb30BAaTh 3alIMCh 3TOI'0 4ucjia B

JBOMYHON CHCTEME WCUUCIICHUS i=(|n...i1)2, rie I, =0 wm i =1. Torma MBI MOXeM
paccMmatpuBaTh OTOOpaskeHus Buaa S;'...S)'X.

ITycts a,,8,,...,@, , - HEKOTOPBINA HAOOP IEHCTBUTENLHBIX Yncel. Beenem onepartop

L v(x) = %aiAv(S," .5¢X).
i-0

Iycte O<a <1 f>-a,D onepatop apobHOro nuddepeHINpoBaHUS TMOPSAKA « B

cmbiciie Kanyro [21], a umenno D = 117 % rae 1°u(t) =u(t) u

1u(t) =ﬁj(t —7)“u(r)dr.
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p
B nanbheiimem ¢yukuums g(t) Oyaer o3HauaTh KBasuIonMHOM BHpa g(t)= ¢ g;t”,
j=1
m; > 0,gj 3aJJaHHBIC IIOCTOSIHHBIC.

He.ﬂb HCCJIeJOBaHUA . ]_[eJ'IBIO HaCTOHI_Heﬁ pa6OTBI ABJIACTCA UCCIICAOBAaHUA KOPPEKTHOCTU U
A0KAa3aTCJIbCTBA TCOPEM O CYIICCTBOBAHUA U CAMHCTBCHHOCTHU peLHCHI/Iﬁ CJICAYIOIIUX 3aaa4.

3agaya 1 (IIpsmas 3agaya). HeoOxomumo HaiWth  (QyHKIHIO u(t,x)eC(Q),

D/u(t, x), Lu(t,x) eC (Q) , VIOBJIICTBOPSIOIINE YCIOBHUSM,

Deu(t,x) -t L u(t,x) = F(t,x) = f (x)g(t),(t,x) e Q, (D)
u(t,x)=0,[0<t<T],xedll. (2)
u(0,x) = @(x),x 1T, (3)

rae f(X)u ¢(X) 3agannable QYHKIMH.
3agaua (OOpatnHas 3amauya). HeoOxomumo Haiitu mnapy o¢yakumuu U(t,x) u f(x)
obnaaronye ITIaJIKOCTEIO, u(t,x)eC ((5), Dfu(t, x), Lu(t,x) eC(Q), f(x) e C(I:I) ,

yoBiieTBopstorine yciaoBusM (1)-(3) u JOMOTHUTETIBHOMY YCIOBUIO
u(T,x) =w(x),xell, (4)
rae, ¢(X)u w(X) 3amaHHbIe QYHKIIHH.

Metoabl nccief0BAHNUA 3212491
CHayana MOCTPOMM peUIeHHE OJHOMEpPHOro aud@epeHalbHOI0 ypaBHEHUsI IPOOHOIO
nopsiaka [lycts 4 >0,0<a <1, f > —a -3aanHbie ynciia. PaccMOTpuM ciieyromnyro 3aaaqy.

3agauya OD1. Heob6xomumo onpenenuth GyHkiuio U(t) u3 kmacca C[0,+T ) mis koTopoi
D“u(t) € C(0,+0) 1 yIOBJICTBOPSIONIYIO YCIOBHUSM,

D“u(t) + At’u(t) = fg(t),0<t<T, (5)

u(0) = o, (6)

. P m: v
raec, f,J - 3aJaHHBIC 4YHCJ]la, U g(t) =¢c gjt ! HCKOTOPLIKM KBA3UIIOJIHUHOM, mj > O, gj 3aJaHHBIC
i=1

IIOCTOSIHHBIC.
3agaua OD2. HeobOxomumo ompenenuts ¢yHKuo U(t) w3 ximacca C[0,T], mis koropoi

D“u(t) e C(0,T) u mocrosuuyto f ymoBnerBopstomniyto ycimoBusMm (5),(6) U IOMOJHUTEILHOMY
YCIIOBHUIO

U(T):l//’ (7)
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p
rae, ¢,y - 3ajaHHple 4yucia, U g(t)= e g J.tm" HEKOTOPBIA KBAa3sWIIOIMHOM, M, > 0,9; 3amaHHbIC
=1
IIOCTOSIHHBIE.
Pemenwue 3amaun OD1 nmoctpoena B padorax [22] 1 OHO UMEET BUJ

=0, ,, () 1S e L )@

7T (e +1+ a) uz1+"31+ﬁ+”j

BBenem o0o3HaueHmne

B9l (i +D) e
G ()= 2L 7 emlE Y.
p() J_Z_;F(ﬂj +1+a) a'{ﬂﬂq( )

a

Toraa popmyiny (8) MOXKHO nepenucarb B BUJE

u®) =0k ,, (—At )+ G, (t). (9)

JHanee, cuntas f HewsBecTHOI U noacTaBisis QyHkuuio (9) B ycnosue (7), umeeM

y=ul)=pE ,, (—AT“7)+ 1G,(T).

Ortcrona npu Bemonuennu ycnosuu G, (T) #0 pemenne 3anaun OD2 nmerot Bun

v=0-E s (=AT")

f: a a
G,(T)

G, (1) 6,0

V=g | S g s T

Jlanee, mpuBeeM W3BECTHBIC YTBEPXKIEHUS O COOCTBEHHBIX (YHKIUSX U COOCTBEHHBIX
3HaYeHMsX 3a1a4uu {upuxie 1uid HeldokansHOro oneparopa Jlammnaca.
PaccmoTrpum crienyroilyro rpaHU4HYIO 3a/1a4y.

3agaua S. Haittn ¢ynkumro V(X) =0 u3 kmacca V(X) EC(I:[)K\CZ(H), YIOBIETBOPSIOLIYIO

YpaBHEHUIO
Lv(x)+Av(x)=0,x eI,
U TPaHUYHOMY YCIOBHIO

V(X) |;n=0,
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roe, A1 €R.

OtmetrnmM, uyto 3amada S m3ydena B padore [23]. Kpome Toro, crekTpalibHBIE BOIPOCHI
HEJIOKAJTbHOTO aHaJora OWrapMOHHUYECKOTO0 oOIepaTopa W HMX TNPUIOKEHUS K BOIMpocam
pa3penmMocTy 00PATHBIX 3a/1a4 IS apadOIMUECKOT0 YPAaBHEHHS YETBEPTOTO TOPSIIKA NU3YUEHBI B
paborte [24].

O603HaynM

"1

[il+igky +ioky +... ik
Eky. K, za.( )T

B pab6ore [23] noka3zaHo cieayroiiee yTBEepKICHHE.
Teopema 1. Ilycts kodpduumentsr a,i=0,1,...,2" =1 Takue 4TO BBINOJHAIOTCS YCIOBHS

Eyk, 0. Torga cobcTBeHHbIE PYHKIIMH 3314l S UMEIOT BH/]I
K,

n K, T X,

Vi (X) = CHsm > C= 2”’21_[\/FI

a COOTBCTCTBYIOIINEC UM COOCTBEHHBIE 3HAYEHUS OIpCACIIAIOTCA paBCHCTBOM

Aklkz...kn = Eiky.ky My ki,

n k2 o .
rac 'uklkz---kn = 72'2 Z_IZ . Cucrema Q)YHKHI/II‘/'I {Vklkz...kn (X)}k-—l y j = 1, 2, or, NABIIACTCA HOJIHOW U
i=0 Mj iT

OPTOHOPMHUPOBAHHOM B mpocTpaHcTee L, (H)

3ameuanue 1. Ecu mpu Beex k; =1,2,..., j=12,..,n Bemonustores ycnosus &, >0,
TO COOCTBCHHBIEC 3HAYCHHUS 3a7a4H S SIBIISIOTCS MMOJIOKUTEILHBIMU.
3ameuanue 2. Ecu ipu Beex k; =1,2,..., j=12,..,n Bemonustores ycnosus &, >0,

TO CYIIECTBYIOT OCTOsIHHBIE C, ¥ C, TaKue, YTO CIPABEJIUBBI OLICHKU
Cl:uklkz...kn S Aok, S C2:uklk2...kn : (10)

Teneps ncenenyeM cxoaumocTb psiio Pypbe o cucreme V, , (X). DU yTBepKACHHS B

OCHOBHOM H3BECTHBI (CM. Hampumep, [24]), HO IS HOJHOTHI M3JIOKEHHUS Mbl MX NPUBOJIUM C
JIOKa3aTeNIbCTBOM.
Ilycts

h(x) = Z thl Vi, (0

psan @ypbe Gpynxuuu h(X) mo cucreme v, , (X), rae

Pn

Mo s = (M )= [ [ DOW X X Wi (K X X, b, X, (11)
0

O ey T
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B ,I[aJ'IBHefIIHCM BCHOAY CHUMBOJI C 6y,[[€T O3Ha4daThb MPOU3BOJIbHYIO IIOCTOSAHHYIO, 3HAYCHUC

KOTOPOI HAaC HE UHTEPECYeT.

_ i _
Jlemma 1. Ilycts h(X)e C(H) , GyHKIHH %,1S j £Nn kycouHo-HenpepsBHEL B 11 1
X,-..0X,

BBITTOJIHACTCS YCIIOBUC

h(x)|., =0. (12)

o0 o0
Torna ynucioBou ps Z...Z‘hkl ‘ ‘ CXOIUTCH.
K,
k=l k-1

o'h(x)
OXy..0X;

UHTErpUpYs 110 Y4acTsSIM 10 IepeMeHHoM X; B uHTerpaiue (11) ¢ yaerom paBencrsa (12) nomydaem

JlokasareancrBo. Eciu h(x)eC (T_I) ,1< j<Nn  KycouHO-HENMpPEPBIBHBI, TO

h _ 1 hl,O,..,O

Ky Ky _k_ Kok !
1

rIe,
10,..,0 j‘l Tah(Xl s Xoyeeey Xy ) 10,..,0(x Koy eeny 2. )0, o B
11420 n 1 n'’
0
L0 kX, k X,
Vo0 (X Xy %, ) = COS 2 Hsm
pl p]
[Tpomomxast 3TOT mpoIecc Mo BceM | € {2, 3., n} , IMeeM
l 11,..1
Ky .k klkz.. kn K, .k, !
rae,

Pr Py anh( X, )
h11 A J‘ J‘ ;;(ll-lzaxn 11 1(x1,x2, VX, ). dx,

0 0

n k7Z'X

ill kl(xl TR HCOS

Hanee, ncronb3ys HepaBeHCTBO Komm-byHsAKOBCKOTO mosryqaem

S\/i ik k.. kz\/i i

k=1 k=1 klzl

ll,..,l 11,. 1

kk k. N,

k=1 k=1 k,=1
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Tak kak cucrema {Vil"f(xl,xz,...,xn)} oproronansHo B mpoctparcte L, (IT) wu

n
0 h(axj_’ Xza’---’ X,) e L, (I1), ro B cuny nepaencrsa beccenst psix Z Z‘h” 1‘2 cxoxutes. Kpome
X;--OX,, k=1 k,=1

TOTO,

k=1 k=1

OTcroa BbITEKAET 10KA3aTENBCTBO JIEMMBI.
AHaNOrMYHO J10Ka3bIBAETCS CIEAYIOILIEE YTBEPKICHUE.

Jlemma 2. Ilycte ¢ynkius h(X) TpuUHAUIEKAT KIaccy CZ(I:I) U UMEET KYCOYHO-

_ an+2h X
HerpepbiBHBIe B [ 4dacTHBIE mpou3BoAHBIE # e{1,2,...,n}. Torma ecnmu GyHKIUN
OXy...OX]...OX,
o°h(x) 2
h(x) v yIOBJIETBOPSIIOT ycnoBusiM (12), To 4HCIOBOM psn Z Z Zk ‘hk X;.
j k=l k=1 k=L
CXOJUTCSL.

2

Hoka3zareabcTBo. Eciu gynkmuum h(x) u YIOBIETBOPSIIOT ycioBusim (7), TO

2
i

HHTCIpUPYA JBa pa3a I10 HIEPEMEHHOMY X i HHTCIrpall hillk: Iojryqyacm

1 11,..5,..1

hh , =— =~
Ky ...k KKy ..k .k
TR

rae,

p; Pn n+2
hide3..d _Cl 0" (X, Xy ey X)) 11 3 A
bl kg — & e 3 KKy Ko
e OX,...OX]...OX, el

0 0

. (33 Xy ey X, )X, X

n
1151 kﬂ-x

Vido ;K (X5 Xy e X)) = HCOS o
j

0 0
Hanee, ucnone3ys nepaseHcTBO Komm-bynskosckoro s ZZ ‘hkl...k ‘ 10JIy4aeM
k=1 k=1

0

Z Z Zkz‘hk1 Z Zkk k3 hi-1tz3 1 Z ZkZ k2 k2 Z Z I::liz..?k 1n
k=l k=1 k-l =l K k=1 k=l k-1

Tak kak cucrema {Vﬁ3 """"" """"" ! (% X0 Xn)} oproroHansHo B mpocrpancte L, (IT) u

8n+3h(X1,X2,...,Xn) - v Ol 2
3 el, (H), TO B CHIy HepaBeHCTBa beccens psin Z"'Z"'Z‘hkik;-’--l;-“-’--k
OX,...0X]...0X, k=l k=1 k-1 e

j n

CXOOUTCA. OTCIO)Ia BBITCKACT JOKa3aTCJIbCTBO JICMMBI.
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Cnencreue 1. Ilycte dyakums h(X) mnpuHALIEKHT Kiiaccy Cz(ﬁ) U UL BCeX

- _ an+2h(x)
JE {1,2,...,n} HMECT KYCOUHO-HCIIPCPBLIBHBLIC B I1 YaCTHBIC MMPOU3BOAHBIC ———

. Torna,
OX,-..OX; ...0X,
o°h(x) ]
ecmu Qyukuuu  h(X) wu > YIOBJIETBOPAIOT yciaoBusM (12), TO 4YMCIOBOH psij
X2
i
Z Z Zﬂkk k...k ‘CXOIH/ITCH

k=1 k=1 k=L

Jloka3aTenbCTBO 3TOrO YTBEPHKACHUS CIEAYeT U3 IPEACTABICHUS COOCTBEHHBIX 3HAYECHUI
n kz
— 2 J
Ak, = Eki k7 Z > | ¥ yrBepKaeHus Jlemmer 2.
i=1 Pj

AHAJIN3 M OCHOBHbBIE pPe3yJIbTaThbl

Jlanee, nokaxeM TeOpeMy O CYIIECTBOBAHUS U €IUHCTBEHHOCTH peLIeHH 3a1a4u 1.
CripaBeasiuBO clieAyrolee YTBEpKICHUE.

p

e 9 J.tmj KBa3UIMOIMHOM, QYHKIIHH @(X)
=1

u f(x) ynosnerBopstor ycioBusim Jlemmsl 2. Torna pemenue 3anaun 1 cyniecTByeT, eAMHCTBEHHO
U UMeeT BU/

Teopema 2. ITycte m; i 0,9; - mocTosHHbIE, ¢(t)=

U(t X) z Z éﬁ(_ﬂkl...kntaﬂi)—i_

k=1 k,=1

b, g,['(y; +1) _
+f S T g t“) v, . (%), 13
Ky...ky JZ_;F(,UJ- +1+a) l+ﬁl+ﬁ+/zj( Akl...kn ) kl...kn( ) ( )

e, ¢ 1 f,  xoodpduumenter Oypre dynxumit ¢(x) u f(X) coorsercrBenHo.

Joka3zateabcTBo. CHavana uccieqyeM CyIIeCTBOBaHHE pelieHue 3amadu 1. Pemienue
OyseM UCKaTh B BUJEC pszia

U0 =330, OV, (), (14)

k=1

rae, U, (t) HeussecTHble KOOGPULMEHTSL.

[MoxcraBnsas ¢ynkumio Uu(t,x) u3 (14) B ypaBuenwe (1) mia kodpdumuentos U, , (t)
MOJIy4aeM clienyronyro 3aaaqy Komm

DU, )+ 4, U O =1, 9®),t>0, (15)

Uy, ..k, (0)= 2 (16)

Ha ocHoBanuu popmyiier (10) pemenune 3aaaun (15)-(16) umeet Buzg
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b gjr(luj +1) t(oz+,uJ)

Uy .k, t)= D, ..k, Ea,1+ﬁ,£ (_Zkl...kntmﬁ ) + fkl...kn Z

E _ tOH—,B .
j=1 F(/JJ- +1+ 0() a,1+§,1+ﬁ*:‘i( ﬂkl...kn )

CnenoBarenbHo, psin (13) sBusiercs hopManbHbiM pernieHueM 3anadn 1. [Tokaxkem Temneps,
YTO ATOT PSIII U PAJIbL, TOTyYEHHBIE MTOCIe MPUMEHEHUs K HeMy onepaTtopoB D“ u L, , cxondarces.
B pa6ore [25] s ynknuu E, | (z) 10Ka3aHO cieayroniee CBONCTBO:

[1+ L[t =m) ]t]l <E, i (-1)< (1+ l_[r[lil]ty (17)

I[1+a(l-m+1) 1+a(l+1)]

rae, a <(0,1),m>0,l >m—£,t20.
(24

Ucnons3ys Hepasenctso (17) mis kosppuumentos U,  (t) nmeem

r(p+1) ) p r[1+p+u] » -
(1+—F(0{+ﬂ+1) ﬂkl...knt J + fkl__kn ch [1+F|:1+/3'+/uj +1):| ﬂkl...knt <

Torma s psna (13) ¢ ydetom OrpaHU4EHHOCTH (PYHKIIUU ‘Vkl---kn (x)‘ ans Beex (t,x)eQ

ukl...kn (t)‘ < ‘(0%..«”

i1

< C(‘(p%_kn +| f

K.k,

noJjiygyac€M OLCHKY

lu(t, x)| < Ciiﬂ%k
k=l k=1

+

Sk,

] (18)

Ecnu pynkuuu ¢(x) u f(x) ynoBnerBopstoT yciaoBusM JIeMmsl 1, TO psabl Z'"Z‘(pkl---kn
k=l k-1

u ;;‘ fkl---kn‘ cxozsres. Torma u3 ouenku (18) ciemyer, uro psa (13) cxoauTes paBHOMEPHO B
= n=

saMKHyTO# 06nactn Q n nostomy u(t,x) C(Q).

Hanee, tak kak DU, (t) =1, , 9(t) _ﬂkl...kntﬁukr..kn (t), o

DUt X) =33 f (iwt(w’jq%mkn 0-3. 34 U, (O

k=L k-1 j=1 F(,Uj +1+a) k=l k-1

Orcrona,

o0

D u(t, )| < cz...ki\ S|+ ckikiz”

k=1

Uy .k, (1)‘ <
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Sk,

<CY.D. At +CY .Y Aot
k=1 k,=1 k=1 k,=1

Dy,

Amnanoruuso, npumensis kK pynkuuu (13) oneparop L, umeem

0 00

Lu(t,x) = _ZZ ﬂkl...kn P E

BB
al+=,~
k=1 k,=1 a'a

(_ﬂkl...kntaw)"'

b9l (y; +1) .
+f M T e A ) v L (%),
D e LA ) |

Otcrozna,

ILuct,x)|<C> .Y At
k=l k=1

n

Sk,

Dk,

+CY D A,
k=1 k=1

Ecmu dynkuun  ¢(x) u  f(X) ynosrnerBopsitoT ycioBusMm Jlemmbr 2,

Z"'Zﬂkl...kn Dk, | | Z"'Zﬂkl...kn

k=1 k=1 k=1 k=1

TO psabl

fkl---kn‘ cxoasaTcs. Torma psiabl TPEICTaBISIFONIAE (PYHKIIHMH

D“u(t,x) u L u(t,X) cxoasrcs paBHOMEPHO B 3aMKHYTOM o0macti Q 1 mostomy D“u(t, x) C(Q) u
Lu(t,x)eC(Q).
Jlasiee, eIMHCTBEHHOCTh PEIICHUS 33/1a4d JIOKAXXEeM CTAHIAPTHBIM METOIOM, OCHOBAHHBIM
Ha TOIHOTE CHCTeM CoOCTBEHHBIX Bymkumit v, (X) B L, (IT). HlelictBurensho, mycts u(t,x) -
perieHre ofHOpoaAHOM 3aaaun 1. PaccmoTpum QyHKIMM
Uy i ®) = [U(t XV, (X)X
I1

Torna,

DUy, (1) = j D U(t, X)Vy, . (X)X = j Lu(t, XV, (X)dx =
I T

ok I u(t, x)vklkpkn (x)dx =— Aty Yy k. ().
I1

Kpowme Toro,

uklkz...kn (0) = J.U(O) X)Vklkzu-kn (X)dX =0.
IT

Taxkum obpasom, mis Gynkumn Uy,  (t) nomydaem oxxopoamyio 3azady (15)-(16) n

nootomy Uy, (t)=0. Torma dynkuus u(t, X) -penienre OHOPOAHOMN 3a/1a4n 1 OPTOTOHANBHEI

25



K. A. Acayu amuvinoazel Xanvlkapaivlk Kazax-mypik yHueepcumeminivn, xaoapaapul
(mamemamuxa, puszuka, ungpopmamuxa cepusacwy), Nl (32), 2025

BCEM DIIEMEHTaM cucteMbl Vy, . (X) . B cuiy nomnotsr s1oi cucrembl U(t,x)=0 B Q. Teopema

JI0Ka3aHa.
OCHOBHBIM Pe3yJIbTATOM OTHOCUTEJIBHO 3a/1a4M 2 SIBJISIETCS CIENYIOUIEE YTBEPKICHUE.

P
Teopema 3. Ilycte m;i 0,9;> 0 - mocrosHHble, g(t)= ¢ ¢ J.tm" KBa3UIMOJIUHOM, (PYHKIIMH
j=1
o(X) u w(x) ynosinerBopsalT ycioBusM Jlemmbl 2. Torma pemienuwe 3amaud 2 CYIIECTBYET,
€MHCTBEHHO U UMEIOT BU/T

o0

1 a+
(T) |:l//k1mkn _¢k1,.‘kn ) Ea’hﬁ’ﬁ (_ﬂkl...knT ﬁ):|vk1,,.kn (X) ) (19)

> = G
u(t,x) = Z Z G ((.It.)) Wik Vi k. (X)+

k=1

2 & G
+Z"'Z|:anl+ﬁyﬂ (_/’lkl...kntwﬂ)_Gp((.lt.)) Ea,l+£,£ (_ﬁ‘kl... Twﬂ)}(ﬂk Ky kl Ky ( ) (20)

k=1 k=1

Tae, ¢« U ¥, Kodpduuuentsr Oyppe GpyHkumin @(X) u y(X) COOTBETCTBEHHO, a (yHKLHS

G, (t) onpenensercs paBeHCTBOM

29T (4 +1)
G, (1) =Y -1 —t“"E - teh)
p( ) ;F(yj +1+a) a,1+51+ﬁ;/1;( Z )

Joxka3zarenbcTBo. Pemenne 3agaun 2 taxke OyzneM uckath B Bujae panga (14). Torna mis
HEM3BECTHBIX Kodhuumentos U,  (t) momydaem 3zamauy c ycnousmu (15), (16) m

JIOTIOJTHUTEIHHBIM YCIIOBHEM
Uy .k, (M) = De.x,

B »tom cmywae cumtas QyHkuuo f(X) HEM3BECTHOM U HUCHONB3YS  YCIOBHIO
nepeonpenenenus (4), Ha ocHoBe popmy (9) u (10) monydaem

- . _ a+f
Wkl»--kn ¢k1-- kn Ea’l+£'£ ( Zkl'-'knT )
a a

fk k
2 G,(T)

G®

(t) E“v“ﬁﬂ (_;ikl"'k"taw) G (T) ( /?kl...kTmﬁ) Pe,..x,

G,(T)

klk()_

Takum obpazom, psnel (19) u (20) sBrsATCs ¢GopManbHBIM pEIICHHEM 3aaadu 2.
Uccnenyem ranaakocts otux Gynkumid. Cravana ouenum psn (19). Tak kak xodddunuentsr g;

TIOJIOXKUTENBHBI, TO M3 HIKHETO HepaseHcTsa (17) ms pynkunn G, (T) nomyuaem

26



K. A. Acayu amuinoazel Xanvlkapaivlk Kazax-mypik yHueepcumeminiyn xaoapaapol
(mamemamuxa, puszuka, ungpopmamuxa cepusacwy), Nl (32), 2025

B, gl (u +1) e v ar
GpU)ZZ—JT( "E B, Buj (_ﬂkl-.-knT ﬁ):zCE B, Bu; (_ﬂkl---knT ﬁ)z

2 Dy +1+a) a1 = a1t 1

a

1{1+0{1+M—1—ﬂﬂ
a (04

> Zp:Cj 1+ ﬂkl...kn
i F{1+a(1+ﬁ+'u"—l—ﬂ+lﬂ

o (24

a

-1

TDC+/3

ZZP:CJ. [1+Mﬂkl..kn-ra+ﬁ]1icj( [ r[1+‘uj +a:|

L1+ 4, +a]+1“[1+ ,uj]ﬂkl__knT“ﬂ

Orcroma uMeeM

W3 stoit oienku st psaga (19) monyuaem

|f(x)|sz...iel D i

k=l k,=Lp k=1

SCZ...Zﬂkl__kn 7%
PR

n=

5o (A T )<

k1 Kn al

) +Cz...2(p
k=l k-1

Kk |

Tak xak ¢pyHKIMH @(X) U W(X) yAOBIETBOPAIOT yCIOBUAM JIeMMBbI 2, TO YUCIOBBIE PSIbI

0 0 o0

SoSa v 52

k=1 k=1 k,=1

cxomarcs. Torma psa (19) cxomurcss paBHOMEpPHO B

P i

3aMKHyTO# o6mactu 11 u mostomy f(X) e C( ) Hanee, u3 BepxHero HepaBeHCTBa (17) ciaenyror

G,(®)

OI'PAHUYCHHOCTH KOk ————,
p byn G,

5 s (—ﬂkl__knt‘”ﬂ) u Ea,ll,ﬁ (—ﬂkl__knT“*'” ) Torma anst psina

(20) momyuaem

uxf<cy.. Z\ml

k=1 k,=1 k=1 k,=1

n

Otcrona, kak u B ciayyae paga (19) moiydyaem paBHOMEpHYIO cxoauMmocTh psga (20) B
3aMKHYyTOI 06mact Q u mostomy u(t, x) € C ((5 ) .

Oynkmms U, (t) ynosneTBopsieT ypaBHeHHIO (15), T.€. MMEET MECTO PABEHCTBO

R E ” ﬂﬁ( Akl...knTtHﬂ)

_ a+p
G (T) Gy ()= A i 1" Uy, (1) -

Daukl...kn (t) =
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G, (t
I/I3 3TOT0 paBeHCTBa y‘-II/ITbIBaSI OFpaHI/IquHOCTB (bYHKHI/Iﬁ G p(T) ’ E BB (_ﬂkl K tGHﬂ) nu
o+~ en
P a a

E (— T ) HoJIy4aeM
WP ﬂkl...kn yq
o a

‘Daukr--kn (t)‘ggp—((-lt-))‘l//kl...kn +‘¢kl...kn Ea,1+ﬁ£ (_ﬂkl...knTM'B)"‘}Lkl,__kntmﬂ U k. (t)‘g
p a'a
SC(“//kl...kn +‘¢k1...kn )+C2k1...kn (‘l//kl...kn +‘¢kl...kn )

SIBJIIFOTCSL

CnenoBarenbHO,  psjibl ZZ Ak V. u Zzﬂklk

k=1 k=1 k=1 k=1

¢k1...kn

Ma)KOPaHTHBIMH IO OTHOLICHHIO K psy mpeactaBisoomyo ¢yakmuo D U(t, x) . [Tosromy eciu
byHKIH  @(X) W w(X) YIOBICTBOPSIIOT ycloBHSAM JleMMBl 2, TO O3TOT psJ CXOTUTCS U

Deu(t,x)eC ( Q) . Amnanorn4yHo JokasbiBaeTcsa cooTHomeHue L u(t,x)eC (Q) . Ocraercs
JI0Ka3aTh €JMHCTBEHHOCTh pPEIICHHs 3a1ayd. IIycTh CYyIIECTBYIOT JBE Iaphbl {u1 (t, x), fl(X)} u
{u2 (t, x), fz(X)} YIAOBIETBOPSIONIME  yCIOBMAM  3agaun 2. Torma mapa  (QyHKIMH

u(t, x) =u,(t,x)—u,(t, x), f(x) = f,(x)— f,(x) ynoBnerBopsier ypaBHeHuto (1) U OIHOPOJHBIM
yenoBus (2) u (3). Ecniu paccMoTpuM G yHKITUIO

Uk, .k, t)= J-U(t’ X)Vklkz...kn (x)dx,
i

TO JUTS Hee MoJIyYaeM 3a1a4y
DU, O+ 4, U O =1, 9®),t>0, (21)

Uy, .k, (0) =0, Uy, .k, (T)=0. (22)

Pemenue 3anaun (21)-(22) umeet Bua

b, gl (4;+1)
Uy .k, ®= fkl__knGp(t) = fkl---kn Z%t( 44)

E — AN
=1 F(ﬂj +1+ 0!) a,1+§,1+% ( }lkl"'k" )

Tak kak G,(t)#0, To orciona momywaem f, , =0 u u_, (t)=0. CrnenosarensHo,
dyskumn u(t,x) u f(x) oproronanbHbl Beem snemenTam cuctemsl Vi, (X) . B cuity monHoThl

stoit cuctemsr f(X)=0,x eIl u u(t,x)=0,(t,x) € Q. Teopema noKa3aHa.

3ak/aoueHne

B nmanHoii paboTe B MIPSIMOYrONbHON OO0JAacTH HUCCIENOBAHBI BOMPOCHI PAa3pEIIUMOCTU
HEKOTOPBIX TMPSAMBIX M OOpaTHBIX 3aJad i BBIPOXKIACHHOTO YypaBHeHHs 1uddy3un ¢
WHBOJIIOTUBHBIMU MPeoOpa30BaHHBIMU apryMeHTamu. PaHee mogoOHBIe 3afaud AJsl YpaBHEHHM C
WHBOJIIOIIMEH B OCHOBHOM PacCMaTPHBAINCh B OJTHOMEPHOM WM JABYMEPHOM CIllydae, a B HallleM
ciIy4ae JaHHYIO 3a/1aqy MbI HCCIIEIOBAIH B 00IIeM B n-MEepHOM citydae. PaccmaTpuBaemMeble 3a1auu

28



K. A. Acayu amuinoazel Xanvlkapaivlk Kazax-mypik yHueepcumeminiyn xaoapaapol
(mamemamuxa, puszuka, ungpopmamuxa cepusacet), Nel (32), 2025

pemiensl npumeHenueMm Merona dypwe. Ilpu pasneneHun NMepeMEHHBIX BO3HUKAET CIIEKTpasibHAast
3aaua JUIsl HEJOKaJIbHOTO aHajora omepartopa Jlammaca. Vcronb3ysh WM3BECTHBIE YTBEPIKICHUS
OTHOCUTENIbHO 3aj1aun Jupuxie mid kiaccudyeckoro omneparopa Jlammaca HaM ynajioch HaWTH
coOcTBeHHBIC (DYHKITMU M COOCTBEHHBIE 3HAYEHUS ATOW CIIEKTpaJIbHOW 3amadu. Kpome Toro, mbl
JIOKa3aJI¥ MOJTHOTY CUCTEMbI COOCTBEHHBIX (DYHKIIMI BCTIOMOTATEIBHON CIIEKTPATBHOM 3a/1a4u. ITO
YTBEP)KJICHHE TIO3BOJIMJIO HaM IMOCTPOUT PEHICHHUI0O OCHOBHBIX 33Jlad B BHUJC PSJIOB IO CHUCTEME
COOCTBEHHBIX (PYHKIHUH.

B naaneﬁmeM INIAHUPYETCA MPOAOJIKUTE U3YUYCHUE O6paTHI)IX 3aaa4 OJid BBIPOXKACHHBIX

nuddepeHraIbHbIX YPaBHEHUH BBICOKOTO TOPSIIKA.

HaHHaﬂ pa60Ta ObL1a BBLIIOJHEHA IIpU MOAACPIKKE I'paHTa MI/IHI/ICTepCTBa HAayYKH U BBICHICTO
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KOTAPBI KBUIJAM/JBIKTBI ) KAJIBIHMEH BYPKY 9ICI APKBIJIBI AJIBIHFAH ZRCN
KABBIHBIHBIH ®U3NKA-MEXAHUKAJIBIK KACUETTEPIH 3EPTTEY
INVESTIGATION OF PHYSICAL AND MECHANICAL PROPERTIES OF ZRCN COATINGS
OBTAINED BY HIGH VELOCITY OXYGEN FUEL METHOD
UCCJEJOBAHUE ®U3UKO-MEXAHUYECKHX CBOMCTB NOKPBITUI ZRCN,
HOJYYEHHBIX METOJOM BBICOKOCKOPOCTHOTI' O I'A3OIIJTAMEHHOI'O HAIIBIJIEHU A

Anoamna. Lupxonuii xapobonumpudine (ZrCN) necizOencen owcabwvindap 651 ocone Y8I' bonammapuvinbiy
MEXAHUKANBIK, JHCIHE NAUOANAHY CUNAMMAMALAPIH Amapavikmai sjcakcapmaoel. Byn ocabvinoap scosapvl mosysa
mesimoinicimer dcane OepikmiziMeH epeKuieneHedi, COHObIKMAH O01apobl Memdall OHOey JHCoHe MAUWUHA dHcacdy
CananapulHoa  KeHiHen KoaO0aHy2a 600nadvl. 3epmmeyiep KOPCEMKeHOel, JHOo2apbl  HCLIOAMOBIKMbL  Ommesi
arcanvinvimen 0ypry (HVOF) 20ici ZrCN orcabbinoapbii KATbInMAacmeipyod s#co2apvl muiMmoinik kepcemeoi. Byn a0ic
eHOencen Oemmepde mbigbl3, OepiK JCoHe HCo2apbl adee3uscbl Oap HcabblHOApObl any2a MYMKIHOIK Oepeoi.
Muxpoxammulavlk Kepcemkiwmepi Hcabbii KOAOAHBIIZAHHAH Kelin aumapivikmai ecemini awvlkmanovl. Aman
aumganoa, 651" boramvinvly Mukpoxammulivizgvl 456,6 HV-2ce, an Y8I" 6onamuvinviy kammolivizvl 649,7 HV-2e Oeitiin
apmian. Yneinepoiy yuxenic nen mo3y coinakmapvr ASTM G99 cmanoapmul  6ouvinwa Tpubomemp TRB3
KYpulagblcblHOa Jucypeizindi. Kapcvl kopnyc peminoe ouamempi 6 mm 100Cr6 xopyno wapvi Konoanwvinovl. Colnakmap
KYpeax YuKenic pexlcuminoe opbuliHOAI0bl, OHOA KApCul OeHe Yycmazvlublia dicykmeme 5 H oicome yneiniy aumany
arcoLioamovievl 2 cm/cex 6onowl. Cuinakmap aya ammocepacvinoa, 25,49°C memnepamypaoa xcone 21,72%
blLi2AN0bLILIKMA emmi. Yikenic sconvt 30 mempdi Kypaowvt. ZrCN dcabbiHOapuiHbly H#c02apbl MUIMOLTICI OHbIH epeKuie
DUBUKATBIK dHCoHe XUMUALLIK Kacuemmepimern mycindipinedi. 651 ocane Y8I' 6orammapevinoa ZrCN ocabvindapuit
natoanany 6HIMHIN Kbi3Mem emy Mep3iMiH Y3apmyed, OHbIH CEeHIMOLLiZl MeH OHIMOLNIZIH apmmulpyea MYMKIHOIK
bepedi. Convimen xamap, anvihzan uomuodicenep ZrCN oicabviHOapwinbly Ylkenic Kos@guyuenmin memeHnoemin,
mo3yea me3iMOLIIKmMI apmmulpamulHbli O021en0etioi. Byn 3epmmeyoin KopbimblHObLIAPbL OONAUAKMA  OCLIHOAL
HcadbbIHOapObIy 6ACKA MEMAL KOPLIMAALAPbIHOA KOTOAHBLLY MYMKIHOI2IH Oe Kapacmulpyaa He2i3 O01aobl.

Heeizici co30ep: YS8I oicone 651" 6orammap, yiixenic kodgpguyuenmi, muxkpokammolivlx, ZrCN odicabvinvl,
JKXKOKD.

Abstract. Coatings based on zirconium carbonitride (ZrCN) significantly improve the mechanical and
operational characteristics of 65G and U8G steels, increasing their wear resistance and durability. The high-speed
oxygen-flame spraying (HVOF) method allows obtaining dense, durable and highly adhesive coatings. In particular,
the microhardness of 65G steel increased to 456.6 HV, and the hardness of U8G steel increased to 649.7 HV. Friction
and wear tests of samples were carried out on a TRB3 tribometer in accordance with the ASTM G99 standard. A
100Cr6 corundum ball with a diameter of 6 mm was used as a counterbody. The tests were carried out in the dry
friction mode, while the load on the counterbody holder was 5 N, and the rotation speed of the sample was 2 cm / s. The
tests were conducted in an air atmosphere at a temperature of 25.49°C and a humidity of 21.72%. The friction distance
was 30 meters. The high efficiency of ZrCN coatings is explained by their unique physical and chemical properties.
Their use extends the service life of products, increases reliability and reduces the friction coefficient. These studies
confirm the prospects of ZrCN for protecting metal alloys from wear and create a basis for further developments in this
area.

Key words: U8G and 65G steels, friction coefficient, microhardness, ZrCN coating, HVOF.
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Annomayusn. Ilokpuimus Ha ocnoge kapoonumpuoa yupkouus (ZrCN) 3HauumenvHo Yayuuaiom mexanuiecKue
u 9OKCcnIyamayuonnvie xapaxkmepucmuxu cmaneti 651 u V8I. [anuvie noxpuimus Xapaxmepusyiomcs 6blCOKOU
USHOCOCMOUKOCBIO U 00JI208€UHOCTNGIO, HOIMOMY UX MONCHO WIUPOKO NPUMEHAMb 8 Memanioodpabameisaiowen u
MawuHocmpoumenviol  ompaciax. Hccredosanus noxkasany, umo Memoo 6blCOKOCKOPOCMHO20 KUCIOPOOHO-
niamennozo nanvirenus (HVOF) eecoma s¢pgpexmusen npu opmuposanuu noxpeimuii ZrCN. [Hannwviii memoo
no360J5iem NOIy4amy NJIOMHble, NPOUHLIE U BbICOKOAO2E3UOHHBIe NOKPBIMUSA HA 00pAOOMAHHBIX NOBEPXHOCHIAX.
Yemanoesneno, umo nocne manecenus nokpeimus 3Ha4eHUs MUKPOMBEEPOOCU SHAYUMENLHO 803pOCAU. B wacmuocmu,
Mmuxkpomeepoocms cmanu 6517 yeeruuunace 0o 456,6 HV, a meepoocmv cmanu Y8 yeeruuunace oo 649,7 HV.
Hcnvimanus o6pasyos Ha mpeHue u UsHOC nposoounucy Ha mpubomempe TRB3 6 coomseemcmeuu co cmanoapmom
ASTM G99. B rauecmee xoumpmena ucnoiv3o8aics kopyrooswii wapux 100Cr6 ouamempom 6 mm. Hcneimanus
NPOBOOUNUCD 8 PediCUME CYX020 MPEHUs, NPU IMOM HAepy3Ka Ha Oepicamens Konmpmena cocmasnana 5 H, a ckopocmu
epawenusi obpasya — 2 cm/c. Hcnovimanusi npogoounucs 8 8030yuiHot ammocgepe npu memnepamype 25,49°C u
enasicnocmu 21,72%. Paccmosinue mpenus cocmaeuno 30 mempos. Bvicokas sgpgpexmusnocms noxpvimuii ZrCN
00vACHACMCA €20 YHUKATbHBIMU PU3UKO-XuMuyeckumu ceoticmeamu. Ipumenenue noxpeimui ZrCN na cmanax 651" u
VS8I" noseonsem npoonums cpox cysxcovl uzdenus, nosblcums e20 HAOEICHOCMb U NPou3sooumenbHocms. Kpome moeo,
noyyennvle pe3yibmamsl 0okasvigaiom, ymo noxpvimua ZrCN cuusicaiom kodg@uyuenm mpenus u ROSLIUAIOM
usHococmouikocmy. Pe3ynomamvl 0aHHO20 UCCIEO08AHUA MAKAHCE OA0YM OCHO8Y Ol PACCMOMPEHUS B03MONCHOCTIU
UCNOIb308AHUS NOOOOHBIX NOKPLIMUL HA OPY2UX MEMAIUYeCKUX CHIA8AX 8 OyOoyuem.

Knroueevie cnosa: cmanu Y8I' u 651, kosgpgpuyuenm mpenus, muxpomsepoocms, nokpuimue ZrCN, HVOF.

Kipicne

Kasipri 3amManfbl MaTepuaiTaHy >kKoHE HAaHOTEXHOJIOTHsSIIAp CajachIHIAFbI ypaicTep OeTrepai
OHJICY/IIH JKaHa OICTEpIH o3Ipiieyre >KoHE MaTepHalIapJblH KACHETTEPiH >KaKcapTyFa OKeIl.
JKaOwpHmapapl amy YIIiH OpTYpJl OMICTEp KOJJAHBUIAIBI, OJAPIbIH IMIiHAC (QU3UKAIBIK KOHE
XUMUSUIBIK 9f1icTep KeH TapanraH. Ousukanslk onictepre XKAKKDB, Bakyymnsik Oynanasipy (PVD),
IUIa3MaJIbIK OYPKY KOHE MarHeTPOHIBIK TO3aHJAATy JKaTaibl, OJap >KOFapbl aAre3usulbl, THIFBI3
*KaObIHAAp KalbINTAacThIpyFa MYMKiHIIK Oeperi [1,2]. MarHeTpoHABIK TO3aHAATy dcipece KYKa,
OipKeJKi JKOHE KOFaphl camaibl >KaObIHAAp aly YIIiH Koamganbuiaabl [3]. XUMUSIIBIK SiCTepaeH
XUMUSUIBIK Oy TyHIbIpy (CVD) KoHEe SIeKTPOXUMHSUIBIK TYHABIPY (9JIEKTPOIHM3) KEHIHEH
nanana”bUIaAbl, oaap Kypaesi mmiHal OemnmexkTepre Oipkenki KadaT KalbITacThIpyFa THIM/IL [4].
ConbIMeH Katap, cosi-reib (sol-gel) xkoHe nazepnik >kaly TEXHOJOTHsUIApbl Ja *OFapbl TO3yFa
TO3IMJI1, KOPPO3HUsFa KapChl KaObIHIAp alyaa KoJaaHbutas [5].

Kazipri tanga mepcnektuBanbl OarbITTapAsiH Oipi KOKOKBb—xkorapbl KbU1IaMIBIKTBI Ta37bl
JKaJIBIHMEH OYpKY TEXHOJIOTHUSCHI, OJ1 HAHOKYPBUIBIMBI JKa0bIHIAp/Ibl alyFa MYMKIHJIIK Oepenl [6-
9]. XKXKXKb—marepuannapplH *KOFapbl TO3yFa TO3IMAUIIIH, KOppo3usfa OEpIKTIriH KOHE JKbUTY
TYPaKTBUIBIFBIH KaMTaMmachl3 €TEeTiH KOPFaHBII >KaObIHAApAbl alyJblH HETI3r1 9MICTepiHIH Oipi.
MyHpaii )xaObIHAAPABI XkKacay YILIiH KOJJAAaHbUIATBIH MaTepuangap apacbigaa ZrCN e3iHiH KOFaphbl
KaTTBUIBIFBI XXOHE arpeCCHUBTI OpTaFa Te3iMaitiriMex epekmeneunei [10-12].

ZrCN—xoFapbl KaTTbUIBIK, TOTBIFYFa TO3IMAUIIK XKOHE KbUTY TYPAKTBUIBIFBI CUSKTBI €peKIle
KacueTrTepre ue Marepuai. Xue sxoHe apinrecrepiniy 3eprreynepi KKKbD onicimen ansiaran ZrCN
XKaObIHIAPBIHBIH ~ JOCTYPJl OJICTEPMEH aJlblHFaH kaObIHJIapra KaparaHAa  KeTULIIpUIreH
MeXaHHUKaJIbIK KaCUEeTTepre ue eKeHiH KepceTTi. byl xabbIHAap adpOKOCMOCTHIK XKOHE aBTOMOOUITH
eHepKaciOiHe, IKCTpeMalibl MalijanaHy JKaraiiapblHa TeTen Oepe alaThlH MaTepuangap KaxeT
cananap/a KeHiHeH Koyganbutazs [13].

3eprreynep AKAKOKD apkpuibl anbiHFaH HaHOKYPbUIBIMIIBL ZrCN 5ka0bIHAAPBIHBIH THIFBI3IBIFbI

MeH OIpTEeKTUIr JKOFapbl €KEHIH J>KOHE OJIap/blH KOPFAaHbIC KACHETTEpIHIH alTapiblKTai
KaKcapraHbIH KepceTeli. Mbicaibl, Zhang »oHe apinTecTepi MUKPOCTPYKTYypaHbl OaKbUIay apKbLIbl
’KaOBIHHBIH KapbIKIIAKTap MEH akayiap TY3UIyiH a3aiiTyra OOJaThIHBIH aTaml ©TTl, OYJ1 OHBIH y3aK
MEp3IMJIUTITI YIITH aca MaHbI3bI [ 14-16].
Bypky mapamerpiepiH OHTaWJIaHIBIPY >KAOBIH camachlH KaMTaMachl3 €Tyle MaHbBI3IBl pell
aTKapazabl. Singh jxoHe opinTecTepiHiH 3epTTeyiepi KalblH TeMIepaTypachl MEH ra3 KbICHIMBIHBIH
da3zaybIKk KypaMmFfa XoHE MHUKPOCTPYKTypara aWTapJIbIKTail ocep €TeTIHIH KepceTTi. MpIcalsbl,
TEMIIepaTypaHbl apTTHIPY JKA0BIH THIFBI3IBIFBIHBIH KOFaphIIAYbIHA BIKITAT ETEIl,
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OipakTYHipIIIKTEpAiH 6Cy KayliH apTThIpajbl, Oy MaTepualIblH KaTTBUIBIFBIHA TEpIiC acep eTyi
mym™mKkin [17,18].

JXorapeina KepceTiireH 3epTTey HOTHXKEIEpiH €CKepe OTBIPBIT OCHl 3EPTTEYAE KOFAphI
KBUIIAMIBIKTBI Ta3bl JKAIBIHMEH OYpKy omici apkpuibl anbiHFaH ZrCN ¢dusnka-MexaHuKaiblK
KaCHETTEPiH 3ePTTEY OCHI )KYMBICTBIH HET13T1 MaKcaThl OOJIBIN TaObLIa/IbI.

3eprTey amicrepi

JKOKOKB  apkpuibl sKaOBIHAAPBI KAJIBINTACTBIPY YIIIH apHaWbl >KaOIBIKTAIFaH KYPBUIFBI
Komnanbuiansl (cyper 1). OHBIH Heri3ri Oemiri-ra3 KallblH aFbIHBIMEH OPEKETTEeCETiH OTTHIKTap.
KanplH >KaHFBIII KOCHAHBIH JKaHYbl apKbpUIbl Maiifa OOJbIN, OTTBHIK CalTaMachblHAaH >KOFaphl
KBUIIAMBIKICH MibiFaael. Kasipri raz-kanbiH OypikKiITepiHAEe MaTepuall ChIM, HiATimI 0Oay,
TaHra HeMmece YHTaK TypiHzae Oepinemi. JKaHFbII KOCHaHBI KbI3JBIPY alMarbiHAa Oepy YIIiH
apHanap KOHIEHTpJ jkacanraH. JKaHFaH Koclla CaKMHAJbBI KAJIbIH TY3ill, MAaTEepUANIbl KOFAPHI
IUTACTUKANIBIK HEMece CYWBIK KyHre NeiiH Kbi3aplpaabl. HoTwkecinge OanKbITbUIFAH OeIIeKTep
OeTke Oypkiir, ska0bIH KabaThiH Kypaias [ 19].

Cyper 1. XKXKDB xorapsl )KbUITIaMABIKTHI OYPKY KOHIBIPFBICHL: OTTBIK, YHTAK JUCIIEHCEP],
JuIIIep, Ta3/ibl Oackapy maHedi, kommpeccop, oamtonaarsl ra3 (CsHg), 0amtonaarst ras (Oy)
OeIKTEepIHEH TYpabl.

BypKy KalbIKTBIFbI-TEPMUSIIBIK OYPIKKIII KaOBIHHBIH MaHBI3/bI MapaMeTpiepiHiy Oipi, o
Matepuan OeJIEKTEepiHIH TeMIlepaTypackl MeH kbuimaMmabirbiHa ocep eremi.  KOKXKbB
TEXHOJIOTHACBHIHIA KalblH TemmepaTypackl 3200°C-ka, an aFbIH KBUIIAMIBIFBl TUMIEPABIOBICTHIK
JIeHTeiTe el xeTyl MyMKiH. Martepuan 6emmextepi 80—1000 m/c KburnaMabIKKa ASHIH KbI3a/Ibl,
OyJ1 anmapaT KypbUIbIMBIHA OHE T'a3 KOCIAChIHBIH KypaMbIHa OaiinanbIcThl e3repeni [20,21].

3amaHayH Ta3-)KaJIbIH OYpIKKIIITepAe MaTepHall canTaMma apKbUIbl Oepuiel )KoHEe CaKMHAIIBI
JKAJIIBIHHBIH OCEpIHEH TUIACTUKAJBIK HEeMece CYWBIK KyWre nediH Kbi3aapl. ChIM KOHE ©3€K
MaTepuaiiap KOJJIaHbUIFaH/a, OANKBITBUTFAH 3aT CHIFBUIFAH ayaMeH Ycak OejiexTepre OeiHim,
OeTKe JKOFaphl KbUIIaMBIKIIEH meredi. JlereHMeH, Oy 9iCTe KbLUTy SHEPTUSCHIHBIH KOFATYhI
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MYMKiH. Bypkyre apHamraH wMatepuaiablH >kaHOal, OalKy >XoHe KallHAy TeMIlepaTypaiapbl
apachIHa KETKITIKTI ailbIpMaIIbUIBIKKA e 00Tybl MaHbI3IbI [22-24].

TypakTel camanbl >KaObIH aJly YUIIH HAaKThl YaKbIT PEKUMIHJE IMPOLECTErl mapameTpiepii
OakpuIay JKOHE PETTey KakeT. bys jkaOblH OeJIeKTepiHiH TeMIepaTypachl MEH >KbLIAaMIbIFbIH
TypakTel ycran Typyra apHamran JKAOKB Oypikkimrepinin Oackapy KyienepiH a3ipieyre
BIHTAJAHABIpaabl. MyHall Kyleraep HaKThl YaKbITTarbl JMAarHOCTUKANBIK oJICTep MEH ras-
OemIIeKTep KbUINAMIBIFBIH OJIIICY TEXHOJOTHSUIAPBIH KOJNIaHyabl KamTuabl. ZrCN Heri3iHaeri
JKaOBIHIAPABI JKOFAPbl JKBUIIAMIIBIKTHI KaJIbIH OYPKY OHICIMEH KOJIIAHY—OpPTYPJIi OHIMAEPIiH
OHIM/IUTIK cUIIaTTaMaJIapbIH KaKcapTaThIH MEPCIIEKTUBTI TexXHOIorus [25].

Muxkpokarteuiblk MoHzepi ['OCT 9450-76 cranmapteiHa coiikec Bukkepc ofici apKbLIbI
Muxpotepaomep HLV-1DT KypbUIFbICHIHIA 3epTTeNai. 3epTTey OapbhIChlHAa MHIECHTOP PETiHAe
136° OypeimTapbl 6ap aamasIbl TOPTKBIPJIBI MUpaMKAa KOJAaHbUIALI. Omey nporecinae HVys
XKYKTeMeci yari Oerine Tycipinin, uaaentop 10 cexynn Ooiibl ycransin Typasl. KeiliHHeH eHTizy
13/IepiHiH TUaroHaIbIbIK ememMaepi (di skoHe dy) MonaikIeH aHbIKTaIIb! [26].

Yoarinepain yikenic meH To3y cbiHakTapel ASTM G99 crampmapter GoitbiHma Tpubomerp
TRB3 kypeutrbiceinga 3eprreni. Kapesl kopmyc perinae auamerpi 6 Mm 100Cr6 xopyHn miapbl
KoaHbuIabel. ChIHAKTAp KYPFaK YHKETIC pexXUMIHIC KapChl ACHE YCTaFbIIbIHA )XykTeMe 5 H xone
YJITiHIH aifHaly KbUIIaMIBIFRI 2 cM/cek OonFaH ke3ae xyprizuiai. CelHAK aya aTMocdepachiHaa
25,49°C remmeparypana >xoHe 21,72% burranapuiblkTa KYprizingi. Yiikemic sxomsr 30 metpai

KYpaJbl.

3eprTey HOTHIKETCPI

3eprrey OapoiceiHga 6517 sxone Y8I' mapkanbl OoyiaTTaH KacallFaH YITUIEp 3€pTTENal, aj
kantay ymiH ZrCN yxrarel Tanganabl. ZrCN—korapbl a0pa3suBTI TO3yFa JKOHE KOPPO3HsFa
TO3IMUIITIMEH EpEKIIEeNCHETIH KOMIIO3UIMSUIBIK MaTepuall, OyJ OHBIH KYMBIC OapbICBIHIA
THIMAUTITIH apTThipaasl. 651 xxoHe V81T Mapkanel OonarTaH kacajaraH yariiep OOJbIN TaObLIaIbl.
Kanray yurin Tagmanran yatak ZrCN 6onael. ZtCN-OGiperel (Gu3MKa-XUMUSIIBIK Kacuerrepi 0ap
KOMIO3UIMSUIBIK  MaTtepuan. Oceunaiiima, ZrCN HeriziHaeri xaOblH aOpa3uBTI TO3yFa JKOHE
KOPPO3USIIBIK MPOLIECTEPTe TO3IMAUIIK CUAKTBI O1pKaTap apThIKIIBUIBIKTApFa He.

XKoOaHblH MiHAETTEpiHAE KENTIpUIreH el >kaObIHHBIH OHIMAUIIK cUIaTTaMalapblHa CepiH
3eprrey yuriH 650 sxone Y8I' mapkanel O6onat taHmangsl. 6507 xone Y8I' ynrinepine ZrCN
Heri3ingeri xa0bHabl naigananein, kewinri XKOKOXKB >xaObinbl yiriH gaiieingangsl. Kecre 1-me
Oepinren napametpiep OoibiHIIa 651 xone Y8I yarinepine ZrCN Heri3iHAe >kaObIH aJIbIH/BI.

Kecte 1. 651" xone Y8I' ynricine xa0bIHIBI jKacay YIIIH KOJJIaHBUIATHIH apaMeTpIiep

No ApakaiibIKThIK OTbBIH KH‘?EII?AH Orreri rassl ¥HTak
Yuril (65T) 3 bar
Yuri2 (65T) 3,8 bar
Yarid (VD) 35-40cm 1,7 bar 3bar 2,8 bar ZrCN
Yuri2 (Y8I) 3,8 bar

ZrCN xabbiabl 651 xxone Y8I' 6omarTaps! yiiH THiMIL. TeMeHie KopceTIreH MaliMeTTepre
CYHeHceKk, KanTamara JeiiH 00JaTThlH MUKPOKATTBUIBIFBI Kejeci MoHuaepre ue: Oonat Y8IT Oy
MOHJIEp KOMIPTEriHiH KeIl 0oiyblHAa OalIaHBICTBI JKOFapbl OOJIyBl MYMKIH, OYJ >KOFapbl
KATTBUIBIKTHI KAMTaMachl3 eTe/ll. bacTankel kyiaeri 6onaTTapblH MUKPOKATTBUIBIK KOPCETKIIITEP]
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VY8I' 392,65 HV-ka xone 65I" 225,75 HV-ka monnepine ume. MoHIep TOMEH KOMIPTEKTi
OoJslaTTapra TOH OpTallla KaTThUIBIK MaTePUAIIBIH KOPCETEIi.
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Cyper 2. 651" sxxone Y8I' GonmaTTapbIlHBIH MUKPOKATTHUIBIFBIHBIH MoHAEpi. ZKKOKB
pexxumaepi: apakambIKTBIK 35-40 cm, oTeiH 1,7 bar, aya KpickiMbl 3 bar, otteri ra3sr 3 bar
kbiceiMaapbiaaa 651 sxone Y8I (1-enzey) sxoHe Ae apakambIKThIK 35-40 cm, oThiH 1,7 bar, aya
KBICBIMBI 3 bar, orTeri ra3sl 3,8 bar keiceiMaapbeiaaa 651 sxone V&I (2- enjey).

byn nuarpamma 650 xone Y8I' GomartapeinbiH (1-eHpaey) Oactamkel kyiineri skoHe ZrCN
JKaOBIHBI  KOJIJIAHBUIFAHHAH ~KEHIHT1T MHKPOKATTBUIBIFBIHBIH — e3repicin  kepcerenmi. KIAKIKB
nporiecinae orreri rasel 3 bar keiceiMbinma anbiaFaH ZrCN  oxaObiHBIHBIH 651 kone V8T
OonarrapeinblH  (1-eHnmey)  MukpokarTeuiblFbl  HLV-1DT  muxporBepmomerpinne HVys
XKyKTeMeciMeH enmieni. Muaentop yiari 6erine 10 cexyHs 00#bI TYCIpiIin, 9p Yiri 5 peT e l.
Hotmwxecinne, 651" 6omateiabiH ZrCN 5ka0ObIHBI YIIIH MUKPOKATTHUIBIFE 456,6 HV, an Y8I' 6onater
yuria 594,4 HV exenniri anbiktanast (Cyper 2).

JKKOKB nportecinge orreri rassr 3,8 bar kpicbimbinaa anbiarad ZrCN sxaObIHBIHBIH 651 jkoHe
V8I' 6onarTapbiblH (2-0H/A€Y) MUKPOKATTBUIBIFBI JI9JT OCHI 9icieH enmeHal. by xarmaiina 65T
6onatel yuriH ZrCN >kaObIHBIHBIH MUKPOKATThUTBIFEl 434,4 HV, an V8I' Gonatel yurin 649,7 HV
moHiHe ue 0omabl (Cyper 2).

65I" xone VY8I' OGomarrappiHa ZrCN xaOblH KoJjaHFaHHaH KeiiH, Y8I' OonaThIHBIH
MUKPOKATTBUIBIFBl JKOFApbl €KeH1 aHBIKTAJIJbl. ByJl OHBIH KypaMbIHJaFbl KOMIPTErl MeJIIIepiHiH
KONTIri MeH OacTamKkbl KYpbUIBIMIBIK €peKiIeNikTepine OainaHbICcThl, ceb6eli KOoFapbl KOMIpTEKTI
Oonatrap OEpiKTUIIN MEH TO3yFa Te3IMIUIII JKOFapbl MaTepuanaap KarapbiHa dkaraibl. ZrCN
KaObIH €Ki OONATTHIH Ja MUKPOKATTBUIBIFBIH apPTTHIPFAHBIMEH, OHBIH THIMJLUIITT MaTepHaIbIH
Oactankbl Kacuerrepine toyenni. CoHbIMEH Karap, Yikenic Ko3(duuueHT! *aObIHHBIH TO3yFa
TO3IMIUTITIH AHBIKTAWTHIH MaHBI3JBl TapaMeTp OONbIN TaOBLIaAbl JKOHE ON JKaObIH OETiHIH
KYPbUIBIMBI, MUKPOKATTBUIBIFBI MEH MOP(OJIOTUSICBIHA OailiaHbICThI e3repei [27].

AAKOKB omicimen anbiaFaH ZrCN kaObIHAApBl, 9IETTE, >KOFapbl THIFBI3IBIK MMEH YCaK
TYMIPLIIKTI KYpPBUIBIMBIHBIH apKachblHAA >KaObICKaK >KoHE aOpa3uBTI TO3YAbl a3ailThIll, TOMEH
yiikenic ko3ddunuentin kepceteni [28]. 3epTreynep OHbIH MOHI ChIHAK JKafAaiiapbl MEH >Ka0ObIH
KypambiHa OaitnansicTel 0,2—0,6 quana3oHbIHAA ©3repeTiHiH kopceeTTi [29]. 651" 6omareiabiH ZrCN
#aOBbIHAPBIHBIH YiKelic K03 GUIMeHTTepl CypeT 3-Te KOpCeTiIreH.
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Cyper 3. 651" 6onateingars! ZrCN >kaObIHBIHBIH YHKeNIC KO3PHUIMEHTI

I'paduxre Gomat Gerrepinmeri ZrCN >xaObIHBI YIIIH YiiKenic kodduuueHTiHiH ([) yikeric
JKOJIBIHA Toyenauniri kepceriireH. 650" Gomatel (Ynri 1) ymiin Oacranksl ¢aszana, sirHu AB
apaneirel, (0-3,5 M) pu ~0,25-0,65 re neiin ecin, 6eTki KabaTThIH TO3YBIH KopceTemi. Opra dazana,
arau BC apaneirer (3,5-11,5 M) p ~0,7-0,75 neHreiiinae TYpaKTaHBIN, >Ka0BbIH TOJIBIK TO3a[IbI.
Conrsl (azana, srau CD apanbirsr (11,5-35 m) p ~0,8 Gonbim Kanmaapl, Oy CyOCTPATThIH KaKChI
TO3yFa Te3IMALIIrH ganenneiai. 651" 6onatel (Yori 2) yurid 6acranksl dazana, srHu A'B' apanbirsl
(0-6 m) p ~0,5-re meiiin ecim, OeTki KaOaTThIH TO3ybIH Kepceremi. Opra dazana, sskau B'C'
apansirel, (6—11,5 M) p ~0,55-0,7 neHreifinae TypakTaHbIM, ka0bIH TONBIK To3abl. COHFBI (pazana,
aran C'D' apanwirel, (11,5-35 m) p ~0,75 OGonbinm Kananabl, Oyi CyOCTpaTThIH KaKChl TO3YyFa
TO3IMIUTITIH JoNeIeH/I.

Cyper 4. 65I" 6onateianars!l ZrCN xa0bHBIHBIH SEM anamu3br

SEM anamussl 651" OGomarbiamarsl ZrCN KaOBIHBIHBIH KOJJICHEH KUMAachlH KOPCETEi.
BSE/SE pexuminne aiikbiH nHTEpdeiici 0ap kem KadaTThl KypbuUlbiM Oalikanaabl. KeckiHHIH com
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kKak 0eiri bIKTuMan qudGy3usIIbIK MPOLeCTeP il KOPCETETIH TeTePOreHIUTIKIICH KOHE XUMHUSIIBIK
KypaMiarbl — aiiblpManibUIBIKTapMeH — cumatTtananbl. OH  KarblHAAa  JKAOBIHHBIH — KaOaTTHIK
MOPGOJIOTHICH KOpCeTUIreH, OyJl OHBIH TYHJBIPY >KOHE KEHIHT1 JKYMBIC Ke31HJIe KaJbITacyblH
kepceTyl MyMKiH. 500 MKM mmiKaia »aObIHHBIH KaJbIHJBIFBIH, OHBIH HETI3Te¢ aJare3usiChiH JKOHE
BIKTUMAJT OHIMJIUTIK CUTIaTTaMallapbiH Oaraliayra MyMKIHIIK Oepe/ti.

VY8I' Oonarrapeinaarel ZrCN  xaObIHAApBIHBIH ~YiHKeTic KodhduuueHtrepi cyper 5-te
KOpPCETUITeH.
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Cypet 5. Y8I" 6onatsiamarsl ZrCN >ka0BIHBIHBIH YHKEIIC KO HUIIHEHTI

I'paduxre Gonat Gerrepinneri ZrCN >xaObIHbI YLIIH YiiKenic kodpduuueHTiHiH (|) yikenic
XKoJblHa Toyenaumri kepcerinreH. Y8[ Gomarer (Ynri 1) ymin Oacrankel ¢azama, srau AB
apanbirbl (0-5 M) p ~0,55-re neifin ecin, 6eTki KabaTThIH TO3ybIH Kepcereni. Opra ¢a3zana, SFHU
BC apaneirer (5-11,5 m) p ~0,55-0,8 neHreiinge TypakTaHbIll, )KaObIH TOIBIK TO3abl. COHFBI SFHH
CD apanbrbel ¢azana (11,5-35 M) p ~0,85 Oosbinm Kanmazabl, Oy cyOCTpaTThIH KaKChl TO3yFa
to3iMaiirin nanenneiai. Y8I Gonarer (Ynri 2) ymin 6actanksl ¢azana, ssHu A'B' apansirsl, (06
M) u ~0,55-re neiin ecim, 6eTki KabaTThIH TO3ybIH Kepcereai. Oprta ¢azana, srau B'C' apanbirsl,
(6-10,5 m) u ~0,55-0,75 newnreiiinae TYpaKTaHBIIN, 5ka0bIH TOJBIK To3a/abl. COHFBI (ha3ana, SFHH
C'D' apanpirs! (10,5-35 m) p ~0,75 Gosbin Kanaasl, OyJ1 CyOCTpaTThIH JKaKChl TO3YFa TO3IMILIITIH
JONEIE L.

Cyper 6. Y8I" 6onarbiaaarsl ZrCN sxa0biHBIHBIH SEM aHamm3e

37



K. A. Acayu amuinoazel Xanvlkapaivlk Kazax-mypik yHueepcumeminivn xaoapaapul
(mamemamuxa, puszuka, ungpopmamuxa cepusacwy), Nl (32), 2025

SEM ananusbr Y8I' OGonateiagarbl ZrCN kaObIHBIHBIH KOJIJECHEH KUMACBIH KOPCETE.
BSE/SE pexuminge ¢azanblk OIpTEKTI eMec XKoHE KEYEKTUIri 0ap TeTeporeHIll KYpPbUIBIM
Oaiikanmaznpl. Coyl Karbl XMMHUSUIBIK KypamJarbl albIpMaIlbUIBIKTApAbl KOPCETETIH aybICTajIbl
KOHTpPACT aiMaKTapblH KOPCETEe/l, ajl OH >KarblHAa MEXaHUKAJbIK KEpHEY MEH TO3YAbl KOpCeTel.
500 MM mKana >XKaObIHHBIH KaJbIHABIFBIH, OHBIH CyOCTpaTKa aAre3usChIH >KOHE OHIMILTIK
cUIIaTTaMajapblH Oarajiayra MyMKIHIIK Oepei.

KopbIThIHABI

Kopeiteiamait  keme, JXOKXKB  omici  korapbl anare3wsicel 0ap  THIFBI3  KaObIHAAP
KaJIBINTACTBIPYMEH TaHbIMaJ, OyJ1 OCTiHIH KacueTTepiH jkakcapryra biknan eremi. ZrCN Oypky
MaTepUaIbIH KATTBUIBIFBIH JKOHE TO3YFa TO3IMJAUIILIH aWTapibIKTail apTTRIPAAbl. 3epTTey
HOTHKenepi kepcerinrenaei, 651" 6omar men Y8I' GomarrapeiblH ZrCN >kaObIHAApHl 0AaCTAIKBI
dazaga yiikenic kod(hdUIMEHTIHIH ocyi, Oyl >XaOBIHHBIH TO3Ybl MEH CYOCTpaTrThl KOpPFaybIH
oinmipeni. Opra dazama yiikenic K03(QPUIMEHTI TYpaKTaHBII, >KaOBIHHBIH >KapThUIail TO3FaHBIH
JKOHE TOJIBIK TO3yJaH KEWiH XKYHEHIH MEeXaHUKAIbIK TYpPaKThUIBIFBIH KepceTeni. CoHFbI (azana
KO3 (UIIMEHT TYPaKThl CaKTaJbIIl, 00JaT CyOCTPATTBIH TO3yFa TO3IMALIITH aonenaeiai. byn ZrCN
xaObHIapeIHBIH 651 xone Y8I' OomarTapbiMeH THIMII YHIIECETiIHIH JKOHE JKOFaphl TYPaKTBUIBIK
MeH KOpPFaHbIC KaMTaMachl3 eTeTiHiH pacTaiinbl. COHBIMEH KaTap, MUKpPOKATTBUIBIK MOHIEpI
AKOKB  mporneciniH  mapamerpiiepiHe  OaiillaHBICTBI  ©3repeii, JkoHe KaObIHHAH KeWiH
MUKPOKATTBUIBIKTBIH 1,5-2 ece apTysl Oaiikananel. 651" GonateinbiH ZrCN kaObIHBIHAH KEHiHT1
MUKPOKATTBUIBIFBIHBIH ~ MOHI  456,6 HV  Oonmer.  Y8I' Oomarer  yuria  ZrCN  5kaObIHBIHBIH
MUKpOKATThUIBIFBL 649,7 HV kypaabl. Ocspinaitma, ZrCN >xa0biabl 6517 sxone Y8I' GonmaTTapbinia
TO3yFa TO3IMALIIKTI apTTHIPHII, OJapAbIH KbI3MET €Ty MEp3iMiH y3apTabl.
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MOLECULAR DYNAMICS SIMULATION STUDY OF THERMAL AND MECHANICAL PROPERTIES OF
PD, PT AND RH METALS
PD, PT 2KoHE RH METAJIZAPBIHbIH KbIJIYJIBIK ’)KOHE MEXAHUKAJIBIK KACUETTEPIH
MOJIEKYJIAJIBIK IMHAMUKA 9ICIMEH 3EPTTEY
UCCJIEJOBAHME TEILIOBBIX U MEXAHUYECKHUX CBOKMCTB METAJLJIOB PD, PT U RH
METO/0OM MOJIEKYJIAPHON IUHAMUKHA

Abstract: The thermal and mechanical properties of Pd, Pt, and Rh pure metals are thoroughly investigated
using advanced molecular dynamics (MD) simulations, employing the Sutton-Chen (SC) and quantum Sutton-Chen (Q-
SC) potential models. The study aims to analyze the behavior of these metals under increasing temperatures, providing
insights into their structural stability and thermodynamic properties. The materials are heated from 0 K to temperatures
slightly above their respective melting points in increments of 100 K. Temperature-dependent polynomial and linear
functions of the simulation results, derived using both SC and Q-SC models, are obtained to establish a comprehensive
understanding of their temperature-dependent properties. Key physical properties, including lattice parameter, density,
enthalpy, cohesive energy, elastic constants, bulk modulus, shear modulus, Poisson’s ratio, Young’s modulus, heat
capacity, and thermal expansion coefficient, are systematically calculated. The study compares the performance of SC
and Q-SC potentials in predicting these properties and evaluates their accuracy against available experimental and
theoretical data in the literature. The findings contribute to a better understanding of the thermomechanical behavior of
noble metals, aiding in their potential applications in high-temperature environments and advanced material design.
The comparative analysis of SC and Q-SC models also highlights their strengths and limitations in simulating metallic
systems.

Keywords: Molecular Dynamics; Sutton-Chen potential; Quantum Sutton-Chen potential; transition metals;
Mechanical properties.

Anoamna. Pd, Pt sicone Rh maza memandapvinviy dceiny-wexanuxanvl kacuemmepi Cammon-Yen (CK)
arcone keaummulk, Cammon-Yen (Q-SC) aneyemmi moOenvOepin nanoaiana omeipbin, MOAeKyIanblK Ounamukausl (MD)
MoOenvoeydi nanoanana omeipvin 3epmmenedi. 3epmmey memnepamypauvly 6cyine Kapai ocbl Memandapovly MiHes-
KYNIKbIH manoayea 6azelmmangat, 0¥ onapobly KYpuliblMObIK MYPAKMbliblebl MeH MepMOOUHAMUKANBIK Kacuemmepi
mypanvt maznymam 6epedi SC acone Q-SC moodenvoepin naudanana omuvlpuln ANLIHEAH MOOENbOey HIMUINCENEPIHIH
memnepamypasa mayenoi NOAUHOMUANLIK JHCOHE CbI3bIKMbIK QYHKYUANAPsl 01apObly memnepamypasa mayenoi
Kacuemmepiniy mMoJNblK KOPIHICIH KAMMAMAChl3 emeoi. Topnvl napamempoi, mMvibl30bIKMbl, IHMATLRUAHDL,
VUBIMWBLIOBIK — OHEPSUSCHIH,  CepniMOi  MYpakmuiiapobl, CYCbiMAibl MOOYALOL, wupamy mooyain, Ilyaccou
apaKkamvlHacvit, fHe MOOVIIH, JHCLTY COLIULIMOBLIBIZHIH, JiCHILY KeHelo Kodguyuenmin Koca ansamnda, Heeisel
Qusuxanviy Kacuemmep oicyiieni mypoe ecenmenedi. 3epmmey ocel Kacuemmepdi 6onxcayoazel CK ocone (Q-SC
NOMEHYUANOAPBIHbIY  CURAMMAMAIAPbIH  CATLICIMbIPAObl  JCoHe a0ebuemme 06ap IKCHEPUMEHMMIK-MEOPUSIIBIK,
JepeKkmepmen  CalblCmulp2anHdd  oaapobly 021012iH  6asanaiiovl. AnviHeaw Hamuoicenep Aacbll  Memandapobly
MepPMOMEXAHUKANBIK KACUECMMEPIH JHCAKChl MYCIHyee, OAapOblH JHCO2Apbl MeMNepamypaibl opmaod nomeHyuanobl
KOJOAHBILYbIHA JiCOHE ANObIHRbL Kamapivl Mamepuandapovt asipaeyee komexkmecedi. CK owcone Q-SC mooenvoepin
CANBICMBIPMATLL MAN0AY Memall Jicylenepin Mmooeivoeyoe O01apobly KYWmi JCoHe JJICI3 HCaAKmapvlH 0a 0enin
Kopcemeoi.

Hezizzi cos0ep. Monexynspnas ounamuxa, nomenyuan Sutton-Chen, xeanmoewiti nomenyuan Sutton-Chen,
nepexooHvle Memaivl, MEXaHUYecKue c8oLUCmad.
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Annomayusn. Tepmuueckue u mexanuyeckue ceoticmea yucmuvix memanios Pd, Pt u Rh uccredyromes ¢
NOMOWBIO MOOENUPOBAHUA MOAeKYAapHOU ounamuku (MD) ¢ ucnonvzoeanuem mooeneti nomenyuaira Cammona-Yena
(SC) u xeanmogozo Cammona-Yena (Q-SC). Hccreoosanue nHanpasieno Ha aHAau3 no8eoeHus dMmux Memanios npu
ROGbLIUUEHUU MEMNEPAMYPbl, Ymo daem npeocmagietue 06 ux CmpyKmypHOU CmMaduibHOCMU U MePMOOUHAMULECKUX
ceoticmeax. Mamepuaner nazpesaromes om 0 K 0o memnepamyp, HEMHO20 NPeGLIUAIOWUX COOMEENCMBYIOWUE MOYKU
naaenenusi ¢ wazom 100 K. 3asucsiwue om memnepamypvl NOIUHOMUAIbHBIE U TUHENHble OYHKYUU pe3yTbmamos
MoOdenupoganus, noayyennsie ¢ ucnoavzoganuem mooenei SC u Q-SC, nozeonaom nonyuums noaHoe npeocmasienue
06 ux memnepamypHo-3a8ucumuix ceovicmeax. Cucmemamuiecku pacciumul8aomes Kiovegvle Qusuieckue ceoUCmad,
BKNIOYAs NApaMemp peulemxuy, NIOMHOCMb, ISHMAALNUIO, DHEPSUIO CYENNeHUs, ynpyaue KOHCMAHMbL, 00beMHbIl
MOOYIb, MOOYIbL cosuea, Kodpguyuenm Ilyaccona, modyne FOnea, mennoemxocms U KOIP@uUyueHm meniogoo
pacwupenus. B uccredosanuu cpasnugsaiomest xapakmepucmuxu nomenyuanog SC u Q-SC 6 npocnozuposanuu smux
CBOUCME U OYEHUBAEMCS UX MOYHOCHb NO CPAGHEHUIO ¢ UMEIOWUMUCS IKCHEPUMEHMATbHbIMU U MeOpemuyeckumu
Oannvimu 6 aumepamype. Ilonyuennvle pesyromamvl cnocoOCmeyiom ayuuiemy HOHUMAHUIO MEPMOMEXAHUYECKUX
€801Ccm8 O1a20POOHBIX MEMAILI08, NOMO2ASL 8 UX NOMEHYUATLHOM NPUMEHEHUU 8 8bICOKOMEMNEPAMYPHBIX CPEOAX U npu
paspabomxe nepedosvix mamepuanos. Cpaenumenvhuoviii ananuz mooerei SC u Q-SC makoice noouepkugaem ux
CUbHbLE U CLAbbLe CMOPOHBL NPU MOOETUPOBAHUY MEMALIULECKUX CUCTEM.

Knroueevie cnosa. Monexkynapnas ounamuxa, nomenyuan Cammona-Yena, Keanmogulii NnoOmenyuan
Cammona-Yena, nepexoOHvle Memaiivl, Mexanuieckue c80UCmad.

Introduction

Transition metals and their alloys are indispensable for technology. They are used especially
in space and micro technologies. Pd, Pt and Rh metals and their alloys are used in many areas such
as automotive, space industry and dentistry. Therefore, their study will be useful for technological
applications. Parallel to the theoretical and scientific developments, calculational methods based on
computer simulations are used very intensively in this field.

Molecular dynamics simulation is used for a time-dependent evaluation of thermodynamic,
structural and dynamical properties of metals and alloys [1-6]. The method is also used to calculate
interatomic interactions with a correct mathematical function whose gradient gives the forces
between atoms. Newton’s equations of motion of the system are solved numerically and the system
is strained to be in a state of minimum energy, balance point of its phase space [7]. Recently,
molecular dynamics computer simulations have started to use empirical many-body potentials to
examine the thermodynamic and structural properties of some metals. Usually, the pairwise
potential models are used for various model systems. These potentials are insufficient to define
metallic bonding. The interatomic interactions that are in real crystalline solids cannot characterized
by simple pairwise interactions alone. Cauchy relation between the elastic constants C1,=Cy4 is
verified by the pure pairwise potential model. This is not the case for the pure metals. Thus, many-
body interactions should be taken into account when we study metals and metal alloys. Recent
studies have shown that empirical many-body potentials have been developed to include the local
density or volume dependence to define metallic binding [8-11]. Among these studies are Daw and
Baskes’s embedded atom method [12], Finnis and Sinclair’s [13,14] empirical many body
potentials, the second moment approximation (SMA) to tight binding (TB) model [15], the glue
model [16], empirical many body potentials based on Norskovs‘effective medium theory [17] and
lately the many body potentials developed by Sutton and co-workers[18,19] for fcc transition metals
can be listed.

Sutton-Chen potential (SC) has been widely used to examine a range of problems, because
this potential has a mathematically simple power law form and a sufficient long-range character.
Furthermore, it is suitable for computer modeling. The Sutton-Chen potential is based on the
experimental lattice parameter, cohesive energy and bulk modulus [20].

SC potential is reparametrized to develop the temperature dependence of physical properties
of fcc metals by fitting the extra physical properties such as phonon frequencies at X point and by
taking into account zero point energy (ZPE) [21]. This potential is identified as Quantum Sutton-
Chen potential (Q-SC). Quantum Sutton-Chen potential has been used in many scientific research
such as glass formations, ranging from alloys, crystallization, surface science problems, clusters,

43



K. A. Acayu amuinoazel Xanvlkapaivlk Kazax-mypik yHueepcumeminiyn xaoapaapol
(mamemamuxa, puszuka, ungpopmamuxa cepusacwy), Nl (32), 2025

nanowires, and single crystal plasticity of pure metals to transport properties of fcc transition metals
[22-28].

Kart et al. studied the structural properties of Pd, Ag and their alloys. They compared the
solidstate properties of Pd and Ag employing SC and Q-SC potential [28]. Kart SO et al. studied the
properties of Pd-Ni in liquid and solid phase [9]. They compared some physical properties of
mentioned metals and their alloys in the solid and liquid phases by using SC and Q-SC potentials.
Although there are many studies for Pd, there is not enaugh work on Pt and Rh by using Q-SC
potential. Additionally, Q-SC and SC potentials have not been compared for Pt and Rh.

In this work, we performed molecular dynamics (MD) simulations using the SC and Q-SC
empirical many body potentials. We studied temperature dependence of thermal and mechanical
properties of Pd, Pt and Rh. Some of our evaluated data on elastic constants, enthalpy and cohesive
energy is previously provided by some other outhors [9,10,28] using our method, we reproduced
these properties to work out on and to produce new extra data, shear modulus, Poisson ratio,
Young’s modulus, heat capacity, thermal expansion coefficients and we compared Sutton-Chen and
Quantum Sutton-Chen potentials in this study. We compared the calculated simulation results using
SC and Q-SC potentials with experimental and theoretical data available in the literature as well.

The article is arranged as follows: SC and Q-SC empirical many body potential models and
the method of calculation are defined in Section 2. Section 3 presents the results of computer
simulations. These results are compared with the experimental values and other calculations.
Finally, conclusions are given in Section 4.

Methodolgy

We have used the Q-SC and SC potentials which are frequently used for FCC transition
metals. SC manybody potential is based on the Finnis and Sinclair potential [13]. Empirical
manybody Finnis- Sinclair force field includes a repulsive term and an attractive term proportional
to square root of the local density. Total potential energy of metals and alloys per atom in a system
of N atoms is given by:

Utot = Zi UL' = Zi I:Zjii Eij%V(rij) — Cifij(pi)l/Z] (1)

V(rij) is a pairwise repulsive term between atoms i and j. Second term describes the
manybody cohesive term associated with atom i.

V() = (%), @

rij

and
pi = Xizj O(rij), (3)
B(ri;) = (i—j) ’, (4)

where, r;j is the distance between atoms i and j. a;; is length scale parameter leading to
dimensionless arguments for V(rj) and pi. Other parameters (namely cj, &, nj and mj) were
obtained by fitting the 0 K properties such as the zero-pressure condition, the cohesive energy and
the bulk modulus of the fcc pure metals. cj; is a dimensionless parameter scaling the attractive term.
&jj IS an energy parameter obtained from experiment and nj;, m;; are positive integer parameters with
n>m. These integer parameters define the range of the two components of the potential. The values
of the SC and Q-SC potential parameters for Pd, Pt an Rh are given in Table 1[19, 21].
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Table 1. The SC and Q-SC potential parametres for Pd, Pt and Rh pure metals

Metal Model N m v(ev) c a (A°)
Pd Q-SC 12 6 0.32864E-2  148.205 3.8813
SC 12 7 0.41790E-2  108.526 3.8902
Pt Q-sC 11 7 0.97894E-2  71.336 3.9163
SC 10 8 1.98350E-2  34.428 3.9200
Rh Q-sC 13 5 0.24612E-2  305.499 3.7984
SC 12 6 0.49371E-2  145.658 3.8000

In this study, MD simulations is applied to a super cell consisting of 7x7x7 conventional
unit cell (1372 atoms), whose algorithms are based on the extended Hamiltonian formalism [29-33]
presented in the studies of Andersen [29], Parinello-Rahman [30], Nosé [31], Hoover [33], and
Cagin and Pettitt [32]. The system is made up of a cubic box with 1372 atoms which is sufficient
for statistics of the equilibrium properties, such as pressure, temperature, energy, etc. The
simulation started with atoms arbitrarily distributed on a fcc lattice subject to the periodic boundary
conditions in three dimensions. A 5th-order gear predictor-corrector algorithm is used to integrate
equations of motion with the time step of 2 fs. The Parrinello-Rahman piston mass parameter is
chosen as W=400 and Nosé-Hoover parameter is set to Q=100. The cutoff distance for the
interactions between the atoms is taken to be two lattice parameters to realize maximum capacity
and speed of the calculations. However, the temperature effects are taken into account by extending
the range by an additional distance of half a lattice parameter. Three successive ensembles are used
in simulations. First, HPN (constant-enthalpy and constant-pressure) MD simulation is applied to
heat the system and equilibrate at the reached temperatures. The system is heated from 0.1 K to
target temperature with increments of 100 K. 2000 time steps are performed for equilibrium of the
system, at each temperature. In order to get more accurate values of the melting temperature, the
system is heated up with increments of 10 K near to the melting temperature. Afterwards, TPN
(constant-pressure and constant-temperature) dynamics are performed to obtain some statistical
results such as volume, density and energy of the system. 20000 additional steps are carried out for
TPN dynamics. Finally, microcanonical ensemble (EVN) (constant-energy and constant-volume) is
used to obtain the elastic constants which are used to compute bulk modulus, shear modulus,
poisson ratio and Young’s modulus of materials. Where, 50000 additional steps are performed for
EVN dynamics. Resultant zero strain averange matrix <hO> are used to obtain pressure dependent
properties of the system in EVN dynamics.

Cagin [34,35] derived the fluctuation formula for the calculation of the elastic constant by
using the SC potential in the EVN ensemble. The fluctuation Formula is given by

N 2NkgT
Caﬂyk = ’QT?T ((Pa,BPyK) - (Paﬁ)<PyK)) + _Q_OB (6a65ﬁK + SaK(SBV) + (Xaﬁyx)- (5)

Here angular brackets symbolize the averaging over time and Q20=deth0 is reference volume
for the model system. First term is fluctuation and indicates the contribution from the fluctuation of
the microscopic stres tensor Pij. Second term is temperature correction term which represents the
kinetic energy contribution and the last term denotes the contribution of the Born term to elastic
constants.

The bulk modulus can be determined from

B = (C11 + 2C12)/3 (6)

In addition, shear modulus, Gv, GR and G are calculated from the Voigt-Reuss-Hill
arithmetic approximation based on the Voigt and Reuss bounds [43, 44].
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Gy = C11—C152+3C44 (7)

_ 5(C11=C12)Cus
Gr = 4C44+3(C11—Cr2) (8)

The arithmetic average of Voigt and Reuss bounds is called as Voigt-Reuss-Hill
approximations

G="CR 9)

2

Poisson’s ratio [39] can be determined from

=Gz (10)

C11+C12

From the calculated values of the bulk modulus and Poisson's ratio we have also estimated
the Young modulus

Y = 3B(1-2v). (11)

Specific heat can be determined from the differential of the enthalpy as follows

dH(T)
C,(T) = 12
oD = (57) (12)
Thermal expansion coefficient is calculated by using the following relation;

ay(T) = —— ("’a—(”)p (13)

a(T) \ oT

Results and discussion

Lattice parameter, cohesive energy, enthalpy and density

Lattice constant, cohesive energy, density and enthalpy are evaluated in TPN dynamics. The
results are given in Table 2. These properties are calculated for both Q-SC and SC
potentials.Results are compared to experimental values. The errors found to be very small. The
results of Q-SC calculations are in better agreement with the experimental data [36, 37], comparing
to SC potential data. For instance, lattice parameter results calculated from Q-SC potential for Pd,
Pt and Rh pure metals indicate approximately the deviations of 0.13 %, 0.18 % and 0.16 %,
respectively, at 300 K. These deviations are evaluated as 0.54 %, 0.48 % and 0.37 % by SC
potential parameters results. Similarly, deviations for density results of Pd, Pt and Rh pure metals
calculated from Q-SC potential are 0.69 %, 0.49 % and 0.27 %, respectively, while are being
calculated as 1.87 %, 0.92 % and 0.85 % from SC potential at 300 K.

Table 2. Lattice parameter (a), density (p), cohesive energy (Ec), enthalpy (H) for Pd, Pt and Rh
pure metals calculated from TPN ensemble at different temperatures using Q-SC and SC potential
parameters. At each row, the first number gives MD simulation result calculated from Q-SC
potentials while the second number gives the SC potentials. The numbers in parantheses are the
available experimental value. The experimental density values of Pd and Pt are taken from ref. [36].
The experimental values of density for Rh and experimental lattice parameters are taken from ref.
[37].

46



K. A. Acayu amuinoazel Xanvlkapaivlk Kazax-mypik yHueepcumeminiyn xaoapaapol

(mamemamuxa, puszuka, ungpopmamuxa cepusacwy), Nl (32), 2025

Metals T (K) a(A) p ( g/cm3) H (kJ/mol) Ec (kJ/mol)
Pd 100 3.880, 3.897 12.091, 11.942 -375.361, -377.618 -375.364, -377.620
(12.065)
200 3.888, 3.904 12.024,11.878 -372.819, -375.084 -372.822, -375.087
(12.051)
300 3.895, 3.911 11.955, 11.813 -370.264, -372.523 -370.260, -372.524
(3.89) (12.038)
500 3.911, 3.926 11.812, 11.677 -365.008, -367.298 -365.013, -367.298
700 3.927, 3.942 11.663, 11.535 -359.642, -361.934 -359.645, -361.938
1000 3.955, 3.969 11.422, 11.303 -351.204, -353.514 -351.212, -353.516
1200 3.975, 3.989 11.245, 11.133 -345.241, -347.582 -345.247, -347.584
Pt 100 3.916, 3.926 21.561, 21.508 -563.129, -562.921 -563.128, -562.923
200 3.921, 3.932 21.479, 21.408 -560.625, -560.376 -560.625, -560.375
300 3.927, 3.939 21.394, 21.303 -558.057, -557.813 -558.057, -557.816
(3.92) (21.50)
500 3.937, 3.952 21.222, 21.087 -552.893, -552.611 -552.897, -552.619
700 3.948, 3.967 21.044, 20.861 -547.647, -547.291 -547.652, -547.293
1000 3.966, 3.991 20.765, 20.498 -539.595, -538.945 -539.598, -538.953
1200 3.978, 4.010 20.568, 20.232 -534.053, -533.048 -534.059, -533.060
Rh 100 3.796, 3.804 12.487, 12.408 -555.378, -552.171 -555.378, -552.169
200 3.801, 3.809 12.437, 12.362 -552.806, -549.642 -552.807, -549.642
300 3.806, 3.814 12.387,12.314 -550.228, -547.089 -550.231, -547.090
(3.80) (12.42)
500 3.817,3.824 12.285, 12.217 -545.032, -541.926 -545.038, -541.933
700 3.828, 3.834 12.181, 12.118 -539.782, -536.702 -539.782, -536.709
1000 3.845, 3.851 12.018, 11.963 -531.720, -528.672 -531.723, -528.680
1200 3.857, 3.863 11.904, 11.854 -526.161, -523.159 -526.168, -523.165

In order to present comparison of solid properties which are calculated from Q-SC and SC
potential parameters, density, lattice parameter and enthalpy as a function of temperature for Pd, Pt
and Rh metals are given in the figs. 1(a), (b) and (c), respectively. When we examine the figures,
we see that the curves obtained from Q-SC potential parameters are closer to experimental data than
those of SC potential parameters. It can be said that the deviations from experimental values
increase parallel to increasing temperature for both SC and Q-SC potentials.
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Figurel. (a) Density, (b) lattice parameter and (c ) enthalpy of Pd, Pt and Rh pure metals as
afunction of temperature for Q-SC and SC potential parameters along with experimental data

[36,37].

Specific heat capacity and thermal expansion coefficient

The enthalpy is calculated from the TPN ensemble. The calculated enthalpy results are fitted
to a quadratic polynominal using the data below the melting temperature in order to investigate the
specific heat capacity as a function of temperature. Fitted data lie between 100 and 1800 K for Pd,
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100 and 3000 K for Pt, 100 and 3500 K for Rh. This quadratic polynominal may be chosen as
follows:

H(T) = a+ bT + cT? (k] mol™?). (14)

Where, T is the temperature. Specific heat capacity can be calculated by taking the first
derivative of equation (14). We obtain a, b and ¢ from fitted results of enthalpy data calculated from
both Q-SC potential and SC potential parameters at each temperature. The coefficients of thermal
expression (a, b and c) in eq. (14), simulated results calculated from Q-SC and SC potantials and
experimental data [49] are given in Table 3.

Table 3. Specific heat capacity calculated from both Q-SC potential and SC potential parameters for
Pd, Pt and Rh pure metals and coefficients of poliynomial function used to find the heat capacity of
metals. Available experimental data [49] are given in the last column at 300 K.

Cp (kJ mole -1 K-1)

Metals A b x 10-4 c x 10-6 Potential Present Experiment
model work

Pd -377.237 220.986 3.849 Q-SC 0.0244084 0.02598
-379.467 219.023 3.987 SC 0.0242947

Pt -565.137 230.903 2.290 Q-SC 0.0244646 0.02586
-565.171 232.091 3.109 SC 0.0250745

Rh -557.727 245.878 1.430 Q-SC 0.0254463 0.02498
-554.121 231.345 2.110 SC 0.0244006

When we look at the Table 3, we see that the simulated results and the experimental data
given for metals are close to each other. The Q-SC simulated results are in better agreement with
experimental data [49] than that of SC simulated ones, except for Pt. For example, heat capacity
results calculated from Q-SC potential for Pd, Pt and Rh pure metals indicate approximately to be
the deviations of 6.04 %, 5.39 % and 1.86 % respectively, at 300 K. These deviations for SC are
calculated approximately to be 6.48 %, 3.03 % and 2.31 %, respectively, at 300 K.

In order to examine the thermal expansion behaviour, we have fitted lattice parameter data below
the melting temperature as a function of temperature, to a quadratic polynominal as in heat capacity
calculation

a(T) = a+ bT + cT?. (15)

Thermal expansion coefficient can be evaluated by taking the first derivative of equation
(15). Table 4 includes the coefficients of Eq. (15), and the simulated results and experimental data
at 300 K. Thermal expansion coefficients calculated from Q-SC ve SC potential parametres are
more or less similar. But these values are greater than the experimental values [49].

Table 4. Thermal expansion coefficient calculated from both Q-SC potential and SC potential
parameters for Pd, Pt and Rh pure metals and coefficients of poliynomial function used to find the
thermal expansion coefficient of metals. Available experimental data [49] are given in last column

at 300 K.
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ap x 10-5 (K-1)

Metals ax10-3 b x 10-8 ¢ x10-11 Potential Present work  Experiment
model

Pd 387.656 560.125 229.666 Q-SC 1.7916 1.18
389.332 514.141 245.655 SC 1.6914

Pt 391.477 380.229 125.834 Q-sC 1.1605 0.88
392.163 499.900 208.946 SC 1.5873

Rh 379.566 365.656 117.558 Q-sC 1.1458 0.82
380.327 356.563 112.639 SC 1.1120

Elastic constants, bulk modulus, shear modulus and Young’s modulus

Elastic constants are calculated by imposing an external strain on the crystal, relaxing any
internal parametres to obtain the energy as a function of the strain, and numerically solving for the
elastic constants as the curvature of the energy versus strain curve [38]. The elastic constants of
solid provide information on the stability and stiffness of materials. The largest contribution to the
elastic constants comes from the Born-term in Eqg. (5).

In this work, we obtain elastic constants from EVN simulations of 50000 steps for Pd, Pt
and Rh pure metals. EVN simulations are performed at temperature between 100 and 2500 K for
Pd, 100 and 3000 K for Pt, 100 and 3500 K for Rh depending on their melting points. However,
solid state properties are evaluated between 100 K and the melting temperatures. Elastic constants
(C11, C12 and C44), bulk modulus (B), Cauchy pressure (C12-C44), Cauchy’s ratio (C12/C44),
shear modulus (Gv, GR and G), G/B ratio, poisson ratio (v) and Young’s modulus (Y) results are
listed in Tables 5, 6 and 7 for Pd, Pt and Rh pure metals, along with experimental and other
calculated results. Here, bulk modulus (B), shear modulus (Gv, GR and G), G/B ratio, Cauchy
pressure (C12-C44), Cauchy’s ratio (C12/C44), poisson ratio (v) and Young’s modulus (Y) are
calculated using C11, C12 and C44 elastic constants. The Voigt-Reuss-Hill arithmetic
approximation based on the Voigt and Reuss bounds are used for G, v and Y [43,44].

The calculated elastic constants and bulk modulus are in a good agreement with experiments
[36,42] and theoretical studies such as tight-binding (TB), third-neighbor EAM model, long-range
FS model, linear augmented plane wave (LAPW) and model pseudopotential (MP) approaches
[15,18,38-41].

When we examine Table 5, we see that the elastic constants and bulk modulus calculated
from SC potential parameters are closer to the experimental data than those of Q-SC potential
parameters, except for C44 of the Pd. C11, C12, C44 and B results calculated from Q-SC potential
for Pd show approximately the deviations of 10.6 %, 20.1 %, 13 %, and 10.8 % respectively, at 300
K. These deviations for SC potantial are calculated approximately to be 0.8 %, 6.6 %, 14.2 % and
2.6 %, respectively, at 300 K.

Table 5: Elastic constants Cy3, C12, and Cy4 (in GPa) calculated from Q-SC and SC potential
parametres and Bulk modulus (in GPa), (C12/C44) Canchy's ratio, Cauchy pressure (C12-Cas) (in
GPa), Gy, Gg and G shear modiiliis (in GPa) based on using Voigt-Reuss-Hill arithmetic
approximation, (v) Poisson's ratio and (Y) Young modulus (in GPa) calculated by using elastic
constants for Pd pure metal. In the table, some experimental and other theoretically calculated
results are also listed for comparison.
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Other theoretical results

Present

Pd TK) work Q- FM o pg o) (38) (39) (15) (40) (18)
e work SC
Cu 300 202.806  228.909 227 233 228.7 232 218 248
Cis 300 140587 164.256 176 163 204 178 184 176
Cas 300 81.392 82.255 72 63 83.9 73 65 93
B 300 161327 185.807 181 212 212.8 196 195 200
C1r-Ca 300 59.194 82.001 - - - - - -
C1o/Cas 300 2.491 2.782 -
Gy 300 61.279 62.283 -
Gr 300 49.432 50.843 - - - -
G 300 55.356 56.563 11.95 26 17 36
G/B 300 0.3431 0.3044 - - - -
v 300 0.4094  0.4177 0.4724
Y 300 87.691 91.662 35.19

Table 6, shows that the elastic constants and bulk modulus calculated from SC potential
parameters are closer to the experimental values than those of Q-SC potential parameters, except for
C11 of the Pt, as discussed in the Table 5. C11, C12, C44 and B results calculated from Q-SC
potential for Pt present deviations of 11.2 %, 9 %, 37.7 %, and 8.2 % respectively, at 300 K. These
deviations for SC potential are calculated to be 16.1 %, 3.9 %, 14.1 % and 7.2 %, respectively, at

300 K.

Table 6. Elastic constants Ci1, C12, and Ca4 (in GPa) calculated from Q-SC and SC potential
parametres and Bulk modulus (in GPa), (C12/C44) Canchy's ratio, Cauchy pressure (C12-Cag) (in
GPa), Gy, Ggr and G shear modulus (in GPa) based on Voigt-Reuss-Hill arithmetic approximation,
(v) Poisson's ratio and (YY) Young modulus (in GPa) calculated by using elastic constants for Pt
pure metal. In the table, some experimental and other theoretically calculated results are also listed

for comparison.

Other theoretical results

Present Present
Pt T (K) work Exp. (36) (38) 39) (15) (40) (18)
work SC
Q-SC
Ch 300 308.092 291.085 347 380 339.9 341 303 314
Cp, 300 228.392 241.060 251 257 282.1 273 273 258
Cyy 300 104.692 65.261 76 71 86.5 91 68 74
B 300 254.958 257.735 278 318 301.4 296 283 277
Ci2-Cyy 300 123.699 175.799 - - - - - -
C2/Cyps 300 2.942 4.460 -
Gy 300 78.755 49.161 -
Ggr 300 63.416 39.705 - - - - -
G 300 71.086 44.433 - 28.90 34 15 28
G/B 300 0.2788 0.1724 - - - - -
% 300 0.4257 0.4529 - 0.4535
Y 300 113.629 72.6866 - 84.01

In Table 7, C11,C12, C44 and B results calculated from Q-SC potential for Rh show the
deviations of 26.8%, 1%, 25.1%, and 13.3% respectively, at 300 K. These deviations for SC
potential are calculated to be 22.2%, 13.1 %, 28.4 % and 5 %, respectively, at 300 K.
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Table 7: Elastic constants Cy;, Ci2, and Cy4 (in GPa) calculated from Q-SC and SC potential
parametres and Bulk modulus (in GPa), (C12/C44) Canchy's ratio, Cauchy pressure (C12-Ca4) (in
GPa), G, Ggr and G shear modulus (in GPa) based on Voigt-Reuss-Hill arithmetic approximation,
(v) Paisson's ratio and (Y) Young modulus (in GPa) calculated by using elastic constants for Rh
pure metal. In the table, some experimental and other theoretically calculated results are also listed
for comparison.

Other theoretical results
Present Present
Rh T (K) work work SC Exp. (42) (38) (15) (18) (36) (41)
Q-SC
Cu 300 304.178 323.272 416 491 392 340 413 386
Cp, 300 198.981 222.855 197 171 237 232 194 171
Cyy 300 137.738 131.577 184 260 199 143 184 172
B 300 234.047 256.327 270 306 289 269 270 243
C12-Cuy 300 61.243 91.277 - - - - - -
C12/Cys 300 2.208 2.456 - - - - - -
Gy 300 103.682 99.030 - - - - - -
Ggr 300 83.605 79.828 - - - - - -
G 300 93.643 89.426 - - 77 54 - 142
G/B 300 0.4001 0.3488 - - - - - -
v 300 0.3954 0.4080 - - - - - 0.26
Y 300 146.798 141.393 - - - - - 357

Elastic constants and bulk modulus calculated from Q-SC and SC potential can be compared
from figs. 2(a), (b), (c) and (d). When we examine the figures, in general, we see that the curves
obtained from SC potential parameters are closer to the experimental data than those of Q-SC
potential parameters.
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Figure 2. Elastic constants (a) C11, (b) C12 (c) C44 and bulk modulus B of Pd, Pt and Rh pure
metals as a function of temperature for Q-SC and SC potential parameters along with experimental
data [36,42].

The bulk modulus (B) is described as the measure of average bond strength of materials [41,
45]. It presents a strong correlation with the cohesive energy or the binding energy of the atoms in
the crystal. We see that the average atomic bond strength of materials can be determined from the
calculated bulk modulus by using elastic constants. The average atomic bond strength of Pd, Pt and
Rh pure metals based on the calculated bulk modulus (B) by using Q-SC potential parameters
follow the order from large to small as Pt > Rh > Pd. This ordering is, the same for the average
atomic bond strength of Pd, Pt and Rh pure metals based on the calculated bulk modulus (B) by
using SC potential parameters.

The shear modulus (G) is related with the resistance to plastic deformation while the bulk
modulus (B) shows resistant to bond rupture. Therefore, it was reported that the ductile/brittle
behaviour of materials could be related empirically to their elastic constants by the ratio of G/B or
Poisson’s ratio [46, 47]. If G/B >0.5 or v<1/3, the material is brittle. Otherwise, the material is
ductile [45, 46]. It can be said from our study that G/B is smaller than 0.5 and Poisson’s ratio is
larger than 1/3 for Pd, Pt and Rh pure metals with in both Q-SC and SC potentials. As can be seen
from the ratio G/B or Poisson’s ratio (v), all of Pd, Pt and Rh pure metals behave in a ductile
manner. Accordingly, ductility of Pd, Pt and Rh pure metals follow the order from large to small as
Pt > Pd > Rh. For Cauchy pressure, Pettifor [48] has suggested that it could be used to describe the
angular character of atomic bonding in metals and compounds, which reflects the ductile/brittle
behaviors of materials. The Cauchy pressure is positive for metallic bonding while it is negative for
the directional bonding. The ductile materials show positive Cauchy pressure; otherwise, the
material is brittle. If we look to the Cauchy pressure of Pd, Pt and Rh, we see that Cauchy pressure
of all of considered metals are positive. These show that Pd, Pt and Rh pure metals are ductile in
nature.
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Conclusion

In this work, we presented a wide range of properties of Pd, Pt and Rh pure metals. We
made comparison between the simulation results obtained by using to Q-SC and SC potential
parameters. We compared our results to experimental ones and theoretically calculated values
available in literature. The simulation results are closer to the experimental and other theoretical
results. Q-SC potential parameters provided fairly accurate temperature-dependent properties at
different temperatures.

We analyzed elastic constants C11, C12 and C44 to examine the elastic properties of
considered materials. We found bulk modulus (B), Cauchy pressure (C12-C44), Cauchy’s ratio
(C12/C44), shear modulus (Gv, GR and G) that uses the Voigt-Reuss-Hill arithmetic approximation
based on the Voigt and Reuss bounds, G/B ratio, Poisson’s ratio (v) and Young’s modulus (Y)
results by using elastic constants results.

Examining these results, we can make some comments on the properties of these metals.
First, we saw that all of Pd, Pt and Rh pure metals are ductile. Comparing shear modulus, the
hardest metal is Rh, middle is Pt and least hard is Pd. Comparing elastic constants, the most plastic
is metal is Pt, then Rh and Pd in between them. Comparing cohesive energies, the hardest bounded
metal is Pt, then Rh and Pd.

It is seen that MD simulation with SC and Q-SC potential can be used to interpret the
technological properties of Pd, Pt and Rh metals.
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COMPUTER SIMULATION OF HUMAN PSYCHOLOGICAL SYMBIOSIS
AJAMHBIH IICUXOJIOT'UAJIBIK CUMBHUO3bIH KOMIIBIOTEPJIIK MOAEJBAEY
KOMIIBIOTEPHOE MOJAEJIUPOBAHUE IICUXOJIOI'NYECKOI'O CUMBHO3A YEJIOBEKA

Abstract. In this paper, a mathematical model is proposed for assessing the mental symbiosis of a person
associated with the power of so-called mental dependence adversely affecting consciousness. Such a model is based on
the formalization of a person's mental potential, the power of this potential and mental energy. At the same time, it is
argued that it is the potential of the psyche that determines the degree of symbiosis of dependence. Whenever there is a
transaction between a person and the external environment, the order of our consciousness is disrupted, endangering
the existing structure of mental potential, we find ourselves in a state of internal disorder or mental symbiosis. The
outcome of which depends on the mental potential of the person involved in this transaction. Based on this definition,
taking as a basis the relationship between the "s-concept"”, fantasy @, and willpower Cg Cg, which characterize the
potential of the individual's psyche, an analytical formula for estimating mental entropy (I1¢) is proposed. It is shown
that by numerically evaluating these parameters and comparing them, it is possible to determine the degree of
symbiosis. Based on the concept of mental power and energy, the minimum mental energy required by a person to
minimize mental symbiosis is estimated. The practicality of the proposed relationships between the psychological
parameters of an individual "I am a concept”, fantasy @, and willpower Cg is proved.

Keywords: mental symbiosis, mental transaction, mental potential, mental energy, mental power, minimal mental
energy.

Anoamna. Byn ocymvicma camaza Kepi acep ememin NCUXUKABIK MAYelOiliK Oen amaniamoli Kyuinew
batiianbiCmel A0AMHBIH NCUXUKALBLIK CUMOUO3BIH 6A2anayObly MAMeMamuKaiblk Mooei Ycvinvliean. Mynoat mooens
A0AMHBIY AKbLI-0U dNleyentii, OCbl dNeyemmiy KYWin JCoHe aKbli-0l JHEPUsChIiH pecimieyee nezizoenzen. bByn pemme
mayenoiniKk CUMOUO3BIHBIY 0PENHCECTH NCUXUKAHBIY NOMEHYUALbl AHbLIKMALObl O0e2eH NIKip aumsliadsl. Aoam Mmew
CHIPMKbL OpMaA apacblHoa Mamine 60a2an Ke3oe, 0i30iH caHamvi30bly MIPMIOL OY3blabIN, NCUXUKATLIK 27eyemmiy bap
KYPOUIbIMbIHA Kayin moHOipedi, 0i3 iwKi OY3vblIyiap Hemece NCUXUKAMLIK CUMOUO03 dicagoauvinoa 6oramvi3. OHulH
HOMUdICECT OCbl MaMile2e KAmblCyulbl AOAMHbIY NCUXUKATLIK daeyemine Oaiianvicmul. Ocbl aHblKmamasa cyieHe
OMBIPLIN, JiceKe MYAAHbIY NCUXUKACLIHBIY aneyemin cunammatimoln "f-konyenyus”, panmasus @ oucone epix Kyuii

Cg apacvinoasvl Oaiinanvicmuvl Hezizee aid OMbIPbIN, NCUXUKAILIK OHMPONUHbL 6a2anayobly AHAIUMUKALbIK
gopmynacol (1) yevinvinaowvt. Ocvl napamempnepoi canobik 6A2ANAY HCaHE 0NAPObL CANBICHbIPY APKbLIbL CUMOUOZObLY
Oapedicecin anblkmayea OoIamulHObIebL KOpcemineeH. AKbli-0il Kyuwi MeH SHepIUsCbl MYAHCbIPLIMOAMACHIHA CYlleHe
OMbIPbIN, A0AMHBIY AKbLI-0U CUMOUO3BIH OAPbIHWLA A3aUMY2a KAXCemmi MUHUMALObL AKbLI-0U SHepeUsAChl 0a2AnaHA0b.
"5 konyenyus" dicexe MYneanbly NCUXOIO2USIILIK napamempiepi, panmasus @, epix kywi Cg apacvlnoasel YCbIHbLIAH
KamwlHacmapobly NPAKMUKAILIK eKeHOiel 021e10eHOI.

Hezizei co30ep: ncuxuxanvlk cumOUO3, NCUXUKA MPAH3AKMbL, NCUXUKA NOMEHYUAbl, NCUXUKALBIK IHepIus,
ACUXUKA Ky, MUHUMALObI NCUXUKATIBIK SHEP2USL.

Annomayus. B oaunoii pabome, npeonazaemcs mMamemamuieckas MoOenb OYEHKU NCUXUYECKO20 CUuMOUo3a
YeNnoGeKa, CES3AHHOU C CUNOU HeONA2ONPUSMHO 8030€UCMBYIOuie20 HA CO3HAHUE, MAK HA3bIEAEMO20, NCUXUHECKOU
sasucumocmu. Taxas Mooenb, CMpoOumcst Ha 0CHO8e POPMATUZAYUU NCUXUHLECKO20 NOMEHYUALA YeL08EeKd, MOUHOCMU
9MO20 NOMEHYUaNa u ncuxuyeckou osnepeuu. Ilpu smom ymeepoicoaemcs, 4mo UMEHHO NOMEHYUAL NCUXUKU
onpeoensem cmenensb cumouo3 3asucumocmu. Beakuil pas, Koeoa npoucxooum mpancakm, 4ei08exa ¢ Heutel cpeoou
HAPYwaemcst ynopsi0O4eHHOCMb HAue20 CO3HANUS, N008ep2asi ONACHOCMU CYWECMBYIoWel CMPYKMypbl NCUXUHECKO20
NOMEHYUAd, Mbl OKA3bIBAEMCS 6 COCMOSHUU GHYMPEHHe20 6ecnopsadKka uu Ncuxuyeckozo cumbuosa. Hcxoo,
KOMOPO20 3A8UCUM 0T NCUXUYECKO20 NOMEHYUANA yyacmeylouel 8 smom mpancakme. Mcxoos uz smozo onpedenenus,
NPUHUMASL 34 OCHOBY C853U MedncOy «A-konyenyuuy, anmaszuu @, u cunvl gonu Cg xapaxmepuszyiowue nomeHyud
NCUXUKU UHOUBUOA, NPeOJodCeHa aHanumuieckas goopmyna ons oyenku ncuxuyecxkou sumponuu (). Ilokazan umo,
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YUCTIEHHO OYeHUBAs MU NApaAMempsl U CPABHUBASA UX, B03MOICHOCMb ONpedeiums cmenensb cumobuosa. Ha ocHose
NOHAMUSA MOWHOCIU U IHEP2UU NCUXUKU, OYEHUBACTNC MUHUMATbHAA NCUXUYECKAS IHepeUusl, mpebyemds YyenoseKy O0s
MUHUMUZAYUY  NCUXUYECKO20 cumbuosa. Jloxasvieaemcs NpAKMUYHOCHb NPEONONCEHHbIX COOMHOUEHUL MeHCOy
NCUXON0SUYECKUMU Napamempamu uHousuoa «A-xonyenyusny, panmasus @, u cunvt 6onu Cg .

Knrwoueevte cnosa: ncuxuueckuil cumoOuo3, mpaHcaxm RCUXUKU, NOMEHYUAL NCUXUKU, NCUXUYECKAs IHepeUus,
MOWHOCMb NCUXUKU, MUHUMATbHAS NCUXUYECKAS IHEP2USL.

Introduction

Symbiosis (from the Greek - "living together™) as a psychological concept, it appeared in
transactional analysis, developed by the American psychologist and psychiatrist Eric Bern in the
1960s-70s of the last century [1]. The proposed concept referred to biological symbiosis. Let's say
that when two people interact, live or work together, they have ego states. And when a symbiosis
occurs, in both people, one of their own ego states is devalued and excluded. Thus, one
psychological personality structure is built for two people - this is called psychological symbiosis.
This psychological process is referred to as I1.. The beginning of a transaction between two people
is defined as the beginning of a symbiotic state and denoted as II¢.

One of the main factors adversely affecting consciousness is the so-called mental uncertainty,
information that conflicts with pre-existing intentions and distracts us from fulfilling them. We call
a similar situation in different words depending on what we are going through. Pain, fear, anxiety,
and jealousy. In this case, the mental potential loses its mobility, becomes ineffective, and some
information appears in the mind, and the goal already existing in the individual comes into conflict.
Whenever incoming information disrupts the order of our consciousness, endangering the existing
structure of goals and priorities, we find ourselves in a state of uncertainty to accept the ego of the
transacting person or not. We will call this state before the symbiotic state. Prolonged exposure to
this state can weaken us so much that a person loses the ability to control their attention and achieve
their goals. And gradually succumbs to the ego of the person with whom he entered into the
transaction. It is at this point that the process of psychological symbiosis begins, i.e. II¢. Naturally,
the question arises how to evaluate this energy.

Psychology has accumulated a lot of material that allows us to trace and evaluate the main
stages of personality formation, confirmed throughout life by a variety of influencing factors that
generate II¢, of which three are important. It is clear that such a division is conditional [2]. The first
is the biological factor. It includes the laws of biological maturation and aging. This factor affects a
person's willpower (Cg). The second factor is the social environment, which unites all types of
social influences: both the influence of our close friends and relatives, and the entire state structure.
Itis in the "s"- "SI-concept” of a person that these factors are reflected. The third is a factor, a factor
within a person's personal activity determined by his fantasy (®). Apparently, these factors
determine the energetic properties of the human psyche, which are opposed, i.e. TIg and they
determine his life activity. Activity is the internal (mental) and external (physical) activity of a
person, regulated by consciousness through the psyche. In order to be able to talk about activity, it
IS necessary to identify the presence of a conscious goal in a person's activity. Precisely, the goal
reflects a person's sociality and shapes his Self. In the process of the transaction, the II¢ interferes
with awareness of the other aspects of the activity - its motives, methods of execution. The results
of such a transaction may be realized, or they may not be realized, they may not be fully realized or
even not correctly. This is the role, i.e. TIz. All this is reflected in the process of the individual's
psychological interaction not only with the elements of society [3]. The results of such mutual
influence depend on how developed his @ - fantasy is. Whatever this level of conscious activity
may be, goal awareness always remains a necessary attribute of resistance on I1z. And for this you
will need to spend a certain amount of mental energy. All this is regulated by Cg, the human
willpower.

The aim of the work is to numerically assess the degree of mental symbiosis and to assess the
necessary mental energy to escape from mental symbiosis.
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Research method

The work [4] states that by its nature the human psyche has strength and resilience, based on
these properties it affects its environment. It is these two properties of the human psyche that are
expressed through its potential. Then the parameters of the potential of the human psyche are
interconnected as follows:

U="d"- (C, + D) 1)

where: U is the potential of the psyche, "s1"-"5I concept”, Cy is willpower, @ is fantasy.

In terms of its content (Cg + @) - expresses the resistance of the psyche to II¢, "SI" - expresses
the strength of the human psyche. As you know, the social content of an individual is expressed in
his goals, and the content of a person's goal is concentrated in the "f", then, undoubtedly, the ""
expresses the power of the human psyche. On the other hand, in order to achieve his goal, a person,
with the help of his @ imagination and his C, willpower, eliminates the influence of I1z. Therefore,
(Cg + @) - expresses the resistance of the human psyche to the influence of II¢.

What is interesting in formula (1) is that when the human psyche is fractal [5], [6], the
potential of the psyche has a fractal dependence on the SI-concept, i.e. in this case, the dependence
of the potential of the psyche on the "SI-concept” will be gradual.

U(r) =~ 472 - (C, + @) ()

where: U is the potential of the psyche; r is the social environment where the individual's
transaction takes place; D is the fractal dimension; "" - "SI concept”; Cg- willpower; @ —fantasy.

Here, D expresses the fractal dimension of the potential of the psyche and the speed of the
psyche to respond to the influences of IIz. On the other hand, this dimension characterizes the
measure of resistance on the II¢ using "s", ego and self. When D=1, we arrive at formula (1). This
corresponds to a stable mental state. A person's uniqueness can be distinguished using D. Formula
(2) is similar to the formula of Mandelbrot B.B. [5].

When conducting an experiment [7], [8] with formula (2), it turned out that a person with
fractal mental potential is resistant to the influence of II¢.

For a more local explanation of the proposed concept, we introduce the following notation:

In the case when C, = @, the resistance (C, + @) is denoted by the letter R.

In the case when C, > @, the resistance (C, + @) is denoted by the letter L.

In the case when C, < ®, the resistance (C, + @) is denoted by the letter C.

The expression U>"S" is read as "the potential of the psyche is ahead of the content of its "".

U<"4" is read as "the potential of the psyche lags behind the content of the "".

U="4"1is read as "in terms of content, the potential of the psyche corresponds to the content of
the "S1".

That is, the resilience of the psyche can be formally designated as:

R — when U="4d"
T=(C,+®)=4{L— when U>"4" 3
C— when U<"4d"

It can be seen from formula (3) that the resistance of the human psyche has three types.

When T = R is a balanced, prudent person, and his activities are always productive. Such
people achieve fantastic results in life.

If T =L, the person is too modest and easily gives up his position, hoping to win back later. In
most cases, they succeed.
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When T = C, this person's mental strength is very strong and, thanks to this, he promptly
eliminates II¢ and, by winning difficult situations, dramatically enhances his mental potential. This
is common among political leaders.

What is interesting here is that y expresses the degree of susceptibility of the human psyche to
external energy-informational influences. The value of y is called the frequency of susceptibility.

-1
Y= /\/ﬁ (3a)

This formula was found heuristically [4]. Psychological experiments conducted by people
aged 20-22 years have shown that it is this psychological parameter that determines the generation
of psychological symbiosis during the transaction of two people.

To create uniform samples of measures (standards) and bring all measurements in Russia into
line with them, L.Euler proposed the decimal principle of division of units and the metric system of
measures. It was Euler who put forward the concept of creating standards based on physical
constants. This approach can be used to develop the metrology of the human psyche.

If we analyze the formal representations of mental processes, there is a formed opinion that
Gustav Fechner was one of the founders who modeled the psychological process. Thus making
psychology "scientific". Fechner realized that the law of the relationship between mind and body
can be expressed as a quantitative relationship between sensory perception and a material stimulus
[9]. Soon this formulation became known as Fechner's law: S = Klog | (the intensity of sensory
perception is proportional to the logarithm of the material stimulus). Even Wilhelm Wundt insisted
[10]: "It will never be forgotten that it was Fechner who first introduced scientific methods, precise
principles of measurement and observation into psychology for the study of mental phenomena,
thereby opening up the prospects of psychological science in the strict sense of the word."

In [11], [12], metrology was proposed for numerical evaluation of the psychological
parameters described above.

1. For the strength of the human psyche, 4 can enter the «Ha» dimension if the person
correctly typed 10% of the correct answer. Then his mental strength will be 1 Ha.

2. Also, for the parameter T, resistance is measured by «Ka», according to the @ and C;, test,
if a person scored 10% of the correct answer, then

1Ha - IKa = IEp 4

This formula reads as: a person has 1 Ep of mental potential if he guessed 10% of the correct
answer for 41, @ and C, on the test. The expression of formula (4) will be the basis of the metrology
of the human psyche.

Now we introduce the function F,z— the transactional force of a -psychology on f-

psychology, U, Ug_b potential of the corresponding psychology.

Lif U, > Ug

F(@)ap =1 0.if Ua = Up (5)
~1,if U, < Up

When F(w)qp =1, say a - psychology is stronger than g psychology, then Il #0. When
F(w)qp =0, say both psychology is equal, in this case I[1c=0. When F (w) g = -1, say psychology is
stronger than «a, then I1:70.

Transaction (mutual influence)

Now let's consider the process when two (a,) mental fields of individuals influence each
other. Since this process is the basis for estimating the minimum mental energy for generating II¢.
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As already noted, the potential of the human psyche is U ="d " - (C, + ®). When a person
mentally influences another person, he gives a certain mental energy to the person he influences.
Then this process is described by the following equation [1]:

P

v=u+2=

L=+ @) = U+ (5a)

d

dt
where U’ is the potential of the individual being influenced.
If in (4) we multiply both parts by "5" dt:

(" ™M)2(C, + ®)dt = U " dt + " "di (6)

The left part of equation (6) represents the psychological energy of the influencing individual,
and the right part expresses the potential of the human psyche to be influenced and plus the mental
energy - "f "di given to influence, during dt, obtained from (" ")2-(C, + ®)dt.

Now let's numerically evaluate the psychological energy to eliminate I1z. We will denote it as:

dwy = "A"dy (7)

Then
— lpw ngn
wy = [ A" dy (8)

where 1, is the maximum energy to eliminate II¢.
Let's introduce the coefficient of psychological susceptibility of a person — w.
The variability of the potential U depends on the "4, such a relationship is denoted as:

Y =wd", dp = wd"d" (9)
Then the psychological energy to eliminate Il is estimated as:

w("'A")?

wy = [ A" ds =22

(10)

The limit of the integral expresses in which psychological interval the process of eliminating
II¢ occurs. The coefficient w expresses how amenable an individual is to IT¢. This coefficient is
inversely proportional to the isotropy of a society, i.e. the higher the isotropy of a society, the less
likely it is to generate a IT¢.

Thus, so that you do not fall under the influence of II¢, you need to have at least the following
psychological energy:

_ (CB-D)-(D?
- l1em

” ~ 0.02(C, + D) - (51)2 (11)

If we denote itas w = 0.02(C, + @), then formula (11) can be rewritten as follows:
wy = - ()% = 0,02 Ka -Ha?=0,02:(13,2) -16 Ka - Ha?=0,264 Ka - Ha? (12)
Based on formula (12), we can write 0,264 Ka - Ha? is equivalent to 1J , i.e. 0,264 Ka - Ha?
psychological energy equals 1J.

This is the minimum psychological energy of a person to be connected to the process of
psychological symbiosis.
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Discussion of the results
In terms of content, y—expresses a person's ability to fall under the influence of II¢. The

greater the y, the more psychic energy is required to eliminate IT¢. On the other hand, with the help
of this coefficient, it will be possible to assess an individual's ability to resist II¢.
wy IS the minimum mental energy needed to influence another psyche. Figure 1 shows the

dependence of generation.

/il
i

oA

Figure 1. Dependence of the generation of Il on A and T

The psychological symbiosis of Il from the SI-concept a) and from the psychological
resistance T=(C, + @) and c¢) shows the light contrast of the psychological process of generating Il
symbiosis. It is clear that before the generation of I, the human psyche passes through a symbiotic
state of I1.. During this period, the human psyche experiences and overcomes a lot of uncertainty,
which swallows a certain amount of psychological energy w,,. Passing through each stage II¢
(1,2,3,...) requires a lot of psychological energy from a person. In principle, such energy is
generated by the potential of the psyche of U( r) and from what social environment r he is in. On
the other hand, the very process of generating Il depends on the y psyche of the person who

participates in the transaction, i.e. y(d,T). It is clear that the changes in y also depend on the

changes in f and T in time t and on Z—f and %, which is shown in Figure 2. It can be seen from the

figure that the symbiosis of the two psychology will occur when y; = y,.
Ic

Mz(2)

c(D

Vi, — Y1=72 —— T2
Figure 2. Graphical view of the generation of Il
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Figure 3 shows the transition from I1¢(1,2,3, ... )— PC during the transaction. It can be seen
from the figure that the process of generating a symbiosis of two psyches consists of several stages.
In the first stage, Figure 3-a) II¢(1) stage are generated before the symbiotic state. At this stage,
signs of symbiosis appear on the slave psyche. Figure 3-b), II¢(2)the last stage of symbiosis
generation. At this stage, the two psychics reflexively coordinate the potentials of the two psychics
U, = U,. Figure 3-c), generating a complete symbiosis of the two psychics. At this stage, U; =

U, occurs, that is, two psychics merge into one - this is a symbiosis.

IS

Y - frequency of susceptibility

0.8

0.6

Y - frequency of susceptibility

it
1l
I
i
T
7,

09 >

oo o
R
Y - frequency of susceptibili

2 2 920 0 0 o
RS 4

Figure 3. Stages of the generation of psychological symbiosis of I

The volumes of these figures show the stages of reflexive coordination of the potentials of the
psyche involved in the process of the transaction. And the colors show the degree of reflexive

agreement of the potentials of the two psyches.

Conclusions
Summarizing the work, we can say the following:
with the help of the psychological parameters of the "fI-concept", the willpower of C,

and @, many psychological problems can be solved;
The potential of the human psyche U determines the structure of human psychology;
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- Using the U potential of the psyche, it is possible to evaluate the results of a transaction
between two psychics.;

- the process of symbiosis, i.e. the merging of two psychics into one, occurs in stages
during a transaction (verbal, verbal, physical, etc.);

- the process of generating two psychics can be assessed using y.
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USING MACHINE LEARNING TO DETECT PARKINSON'S DISEASE
MMAPKMHCOH AYPYBIH AHBIKTAY YIITH MAIITAHAJIBIK OKY Il TAWJIATIAHY
HUCITOJIb30BAHUE MAIIMHHOI'O OBYYEHMUS J1J151 OBHAPYKEHUS BOJIE3HHU
INAPKMHCOHA

Abstract. Parkinson's disease is a progressive neurological disorder that affects millions of people worldwide.
Early and accurate detection of this disease is crucial in managing its progression and improving patient outcomes. In
this study, machine learning algorithms were applied to a dataset containing 195 instances and 24 features
representing both healthy individuals and those diagnosed with Parkinson's disease. The analysis showed that the
dataset was unbalanced. Approximately 75% of the records corresponded to individuals diagnosed with Parkinson's
disease.

Five algorithms were implemented to evaluate the effectiveness of machine learning models in detecting
Parkinson's disease: Logistic Regression, Support Vector Machine (SVM) with Linear Kernel, Decision Tree, Random
Forest, and K-Nearest Neighbor (KNN). The results showed that the Random Forest and KNN models achieved
superior performance compared to other methods. In particular, the KNN model showed the highest accuracy (95%),
precision (94%), recall (100%), and F1 score (97%). The Random Forest model also achieved high performance with
accuracy (92%) and other metrics close to KNN, indicating its reliability for this classification task.

On the other hand, Logistic Regression and SVM showed mediocre results, with precision, recall, and F1-
scores below 95%. This study contributes to the growing field of medical diagnostics by demonstrating the potential of
machine learning methods to detect Parkinson's disease.

Keywords: Machine learning. Parkinson's disease, k-nearest Neighbor.

Anoamna. [lapxuncon aypyvl — OyKin a1em OOUbLIHWA MULIUOHOARAH AOAM2A dcep ememin yoemeni
HesponocusnblK Oy3viavic. Byn aypyosl epme dicone 021 anvblkmay oublH 0AMYblH 0ACKapyoa Jicane NnayueHmmepoiy
eMip Cypy canacelH Jcakcapmyoa mManulzovl pen amkapadsi. Ocel 3epmmeyoe MAUWUHATLIK OKbIMY al20pUmmoepi
THapxurcon aypyvina wanovlKKau dcane cay adamoapowl kammumoein 195 dcazdoa men 24 cunammamadarn mypamoit
depexmep JHCUbIHMBIZbIHA KOAOAHBLIObL. Tanoay HamudiceciHOe OepeKkmep HCUbIHMbL2bl MeH2ePIMCI3 eKeHi AHbIKMAIObL:
arcazoanapoviy wamamern 15%-v1 [lapruncon Ouaznossl Koliblaizan adamoapea muecini 60a0bl.

Tlapxuncon aypyvin aHblKmayoa MAuUHAILIK OKbINY MOOeNbOepiniy muimdinicin bazanay yuin dec areopumm
KONOaHuLIobL.: Jlocucmukanvly pezpeccusi, Cul3blKmbulK 0pocbl 6ap Koaday eexkmopavlk mauwiunacwvl (SVM), wewim
azawwl, ke3zoelicox opman (Random Forest) sicone ey swcaxvin kopwi (KNN). 3epmmey namuoicenepi xopcemkernoetl,
Random Forest ocone KNN moodenvoepi backa adicmepmeHr CanbiCMulpeanoa Hco2apvl OHIMOINIKKe KO JHCemKi3oi.
Ocipece, KNN modeni ey scogapvi dandixke (95%), danodix (94%), monvikmuix (100%) scone F1 xopcemxiwine (97%)
ue 6010vl. Random Forest moodeni Oe dicozapel Hamudicenep kopcemmi, onviy 0andiei (92%,) scane backa mempuranapol
KNN-ze arcaxpvin 601061, 6371 oubl ocbl Kiaccugurayus minoemi yuiin cenimoi a0ic emmi.

An Jloeucmukanvix peepeccus oicone SVM aneopummoepi memen namudice Kepcemmi, 0aapobly 02710IK,
moavikmulx dicone F1 xopcemxiwmepi 95%-0an memen 60n0vl. Byn 3epmmey meOuyuHanvlx OuazHOCMuKa Caidacoina
yJiec Kocoln, MauiuHaIblK OKblmy 20icmepiniy [lapKkuncon aypybin aHbIKmayoaevl aieyemin Kopcemeol.

Hezizzi co30ep: Mawunanvix okoimy. [lapxuncon aypysi, k-ey srcaxvin koputi.

Annomayusn. bonesnv [lapxuncona - npoecpeccupyiouee Hesporo2uyeckoe 3a00reganue, KOMOPbIM
Ccmpaoarom MuIUoOHbl I00ell 80 6cem mupe. Pannee u mouHoe @viaslieHue 3mo20 3a001e6anusi umeem peulaioujee
3HAueHue Osl KOHMPOJL €20 NpOcPeccupo8anusi U YIYYWEeHUst pe3yibmamos JIeyenus nayuenmos. B omom
uccnedo8aHuy  aneopummbl MAWUHHO20 00yYeHuss Obliu NpuMeHenvl K HAOopy OauHwix, cooepicawemy 195
IK3EMNAAPOB U 24 NPU3HAKA, NPEOCMABIIOWUX KAK 300P06bIX 00el, max u niodell ¢ ouaznozom bonesnu Ilapruncona.
Ananuz noxazan, ymo Habop danHvlx Hecoanrancuposan. Oxono 75% 3anuceti coomeemcmayiom Jo0sM ¢ OUACHO30M
bonesnv [lapxuncona.

s oyenxu spgexmuenocmu mooenei MAwUHHO20 00yuenus npu GvisgieHuu 6onesnu Ilapkuncona OviLio
npeoCcmasieHo NAMb Al20PUMMOS. T0SUCMUYECKAsl pecpeccusi, MauluHa onopHulx 6ekmopog (SVM) ¢ nunetinbim 0pom,
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Oepeso pewtenuil, cayyainsiil aec u K-onuscaiiwuti coced (KNN). Pezyromamur noxaszanu, umo modeau Random Forest
u KNN oocmuznu 6onee 8bicOKOU Npou3so0UmMenbHOCHU N0 CPABHEHUIO ¢ Opyeumu memooamu. B uacmuocmu, mooens
KNN nokazana camyto evicokyro mounocms (95%), npeyusuonnocms (94%), nonnomy (100%) u oyenxy F1 (97%).
Mooenv cnyuaiinozo nteca makoice NOKA3ANA GbICOKYIO NPOU3BOOUMENbHOCMb ¢ mounocmyvio (92%) u Opyeumu
nokazamensimu, oauskumu k KNN, umo ykaszvieaem Ha ee HA0eHCHOCMb 015l IMOT 3a0ayU KAACCUDUKAYUU.

C opyeoii cmoponul, noeucmuueckas peepeccusi u SVM nokazanu cpeduue pe3yibmamvl ¢ MOYHOCHbIO,
noanomou u noxkazamenimu FI1 nuoce 95%. Omo uccrnedosanue enocum 6K1a0 6 paA3BUBAIOWYIOCS 00IACHb
MEOUYUHCKOU  OUASHOCMUKYU, OEMOHCIMPUPYS NOMEHYUA UCNOTb30BAHUS MEMO008 MAUUHHO20 00yyenus Ons
svLsignenus bonesnu Ilapxuncona.

Knroueswte cnosa: Mawunnoe obyuenue, bonesnv [lapkuncona, k-onusicatiwuil coceo.

Introduction

Parkinson's disease has a major impact on society and is a type of neurodegenerative disease
affecting millions of people worldwide. It is characterized by motor symptoms such as tremors,
rigidity, and bradykinesia, as well as non-motor symptoms including cognitive impairment,
depression, and sleep disturbances. Early detection of Parkinson's disease is crucial for improving
patient outcomes and quality of life. Traditionally, diagnosis relies on clinical evaluations and the
assessment of symptoms by healthcare professionals. However, these methods often lack the
accuracy and sensitivity required for early-stage detection.

With advancements in technology, machine learning (ML) has emerged as a promising tool
for the early detection and diagnosis of Parkinson's disease. Machine learning models can analyze
vast amounts of data, including genetic information, imaging data, and electronic health records, to
identify patterns indicative of the disease. These models have shown potential in improving
diagnostic accuracy, providing objective insights, and reducing the dependency on subjective
clinical assessments.

The integration of machine learning into medical diagnostics has opened new avenues for
research and clinical applications. By training models on large datasets, ML algorithms can detect
subtle changes associated with Parkinson’s disease, even in its earliest stages. This capability
enables timely interventions, personalized treatment strategies, and more effective management of
the disease.

Several studies have utilized different machine learning techniques to improve Parkinson's
disease diagnosis. These techniques range from supervised learning methods such as Support
Vector Machines (SVM) and Random Forest to unsupervised methods like clustering algorithms
and neural networks. The choice of algorithm depends on the type of data being analyzed and the
desired accuracy level.

Despite these advancements, challenges remain in implementing machine learning solutions
in clinical practice. Issues such as data quality, interpretability of results, and ethical considerations
need to be addressed to ensure reliable and trustworthy predictions. Additionally, the integration of
machine learning models into healthcare systems must be seamless, ensuring that clinicians and
patients benefit from these technologies without compromising privacy or accuracy.

In this article, we explore the use of machine learning for Parkinson’s disease detection. We
examine various ML techniques, discuss their potential benefits, and address challenges associated
with their application in healthcare settings. Through this comprehensive analysis, we aim to
highlight the role of machine learning in transforming Parkinson’s disease diagnosis and
management.

Machine learning techniques have been used to detect Parkinson's disease using voice signal
characteristics. The machine learning techniques K-nearest neighbor (KNN) and Feed-Forward
neural network (FNN) achieve high accuracy of 99.11% for FNN and 95.89% for KSVM models
[1]. Another study used MRI and SPECT DaTScan datasets. This study presents four deep learning
models enhanced with gray wolf optimization for early detection of Parkinson's disease. It
demonstrates the effectiveness of machine learning in diagnosing Parkinson's disease. The study
results achieve accuracy close to or higher than 99% [2].
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Detection of Parkinson's disease using machine learning was achieved using LSTM neural
network. The study processed gait deceleration data and achieved 96.3% accuracy. The model used
wavelet features extracted from a publicly available dataset to improve recognition performance[3].

A deep learning architecture combining CNN, GRU, and GNN for early detection of
Parkinson's disease was proposed in a study using gait cycle data from wearable sensors. As a
result, high accuracy was achieved while overcoming the limitations of traditional machine learning
approaches [4]. Other studies have also used clinical characteristics, voice features, and motor tests.
Machine learning models for early detection of Parkinson's disease were developed. The study
achieved 100% accuracy in classifying patients and 92% accuracy in distinguishing them from
healthy controls [5].

A machine learning-based prediction system for early detection of Parkinson's disease was
proposed in a study using support vector machine (SVM) and L1-Norm features, which was able to
achieve high classification performance confirmed by K-fold cross-validation. It improves early
diagnosis and integration into healthcare systems [6]. Studies using electroencephalogram signals
and Mel spectrogram images combined with convolutional neural networks have been developed.
By implementing an automated approach to Parkinson's disease detection, it significantly improves
accuracy and provides early diagnosis and personalized treatment strategies [7].

A study using transfer learning with ResNet50 and SVM classifiers, using time-frequency
images extracted from patient voice recordings, achieved 95.07% accuracy in training and 92.13%
accuracy in testing [8]. It demonstrated 68% accuracy in classifying Parkinson's disease from UK
Biobank fundus images [9]. It presents a hybrid LSTM-GRU model with voice recordings. It
addresses the imbalance of the dataset through oversampling methods. It is observed that it
significantly improves detection performance compared to traditional machine learning methods,
achieving 100% accuracy with balanced data [10]. It also demonstrates the potential for non-
invasive diagnosis with 88.46% accuracy using Support Vector Machine (SVM) algorithms based
on voice recordings [11]. Parkinson's disease detection using machine learning involves analyzing
speech signals using algorithms such as K-nearest neighbor, Random Forest, and Bayesian neural
networks. Based on the parameters of the processed speech data, the recognition accuracy was
94.7%, 88.16%, and 74.74%, respectively [12].

Materials and methods

This study used the “Parkinson’s Disease” dataset and machine learning methods such as
logistic regression, machine learning vector, decision trees, random forest, and nearest neighbor.

About the dataset

This dataset consists of a variety of biomedical voice measurements from 31 individuals,
including 23 individuals diagnosed with Parkinson's disease (PD). Each column represents a
specific voice metric, and each row corresponds to one of 195 voice recordings from these
individuals (identified in the "name™ column). The primary goal of the dataset is to distinguish
between healthy individuals and those with PD, with the "state™ column representing O for healthy
and 1 for PD.

The data is available in ASCII CSV format. Each row in the CSV file represents one voice
recording instance, consisting of approximately six recordings per patient. The first column contains
the patient's first and last name.

Matrix column entries (attributes):

name-ASCII subject name and entry number

MDVP:Fo (Hz) - average vocal fundamental frequency

MDVP:Fhi (Hz) - maximum vocal fundamental frequency

MDVP:Flo (Hz) - minimum vocal fundamental frequency

MDVP:Frequency (%), MDVP:Frequency (Abs), MDVP:REP, MDVP:PPQ, Frequency:
DDP-variable measures of variation in fundamental frequency
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MDVP:Gloss, MDVP:Gloss(dB),Gloss:APQ3,Gloss:APQ5, MDVP:APQ,Gloss:DDA-
variable measures of variation in amplitude

NHR, HNR-measures of the ratio of noise to tonal components in the voice

status-subject's health status (1 for Parkinson's disease, O for healthy)

RPDE, D2-nonlinear Two measures of dynamic complexity

DFA Fractal scaling index of the signal

spreadl, spread2, PPE - three non-linear measures of the radical change in frequency

Machine learning methods

In the above sections, machine learning methods play a major role in the detection of
Parkinson's disease. Several types of machine learning methods were used in this study.

Logistic regression

In statistics, a logistic model (or logit model) is used to predict the probability of an event by
modeling the probability of the event as a linear combination of one or more independent variables.
In regression analysis, logistic regression (or logit regression) estimates the coefficients of a logistic
model using linear or nonlinear combinations of these independent variables. In binary logistic
regression, there is one binary dependent variable represented by an indicator variable with values
of "0" and "1". The independent variables can be binary (with two classes coded as indicator
variables) or continuous (with specific measured values). The probability associated with a "1" can
range from O (of course "0") to 1 (of course "1"), which explains the labeling. The logistic function
is used to convert log odds into probabilities, giving the model its name. The unit of measure for the
log odds scale is called the logit, which comes from the term logistic unit, and is therefore
sometimes referred to as such.

Support vector machine

In machine learning, support vector machines (SVMs, also known as support vector
networks) are supervised maximum likelihood models with associated learning algorithms used for
classification and regression analysis. SVMs, developed at AT&T Bell Laboratories, are Vapnick
(1982, 1995) and The most widely studied models are based on the statistical learning frameworks
proposed by Chervonenkis (1974), in particular VC theory.

In addition to linear classification, SVMs can perform nonlinear classification using the
kernel trick. This involves representing data using a set of pairwise similarity comparisons between
the original data points, which are transformed into coordinates in a high-dimensional feature space
using a kernel function. Thus, SVMs efficiently map inputs to high-dimensional spaces where linear
classification is possible. As maximum margin models, SVMs are robust to noisy data such as
misclassified examples.

Decision trees

A decision tree is a decision support tool that uses a recursive partitioning structure to model
decisions and their possible outcomes. This tree-like model takes into account possible
consequences, including the outcomes of random events, resource costs, and utility. It serves as a
visual representation of an algorithm consisting only of conditional control statements.

Decision trees are widely used in operations research and decision analysis to determine the
best strategy to achieve a desired goal. They are also a popular technique in machine learning for
classification and regression tasks, providing insight into how to make decisions based on different
input features.

Random Forest

Random forests or random decision forests are ensemble learning methods used for
classification, regression, and other tasks. They work by building multiple decision trees during
training. For classification tasks, the final output is the class that individual trees most often choose,
while for regression tasks, it is the average of their predictions. This method addresses the tendency
for decision trees to overfit the training data using ensemble methods.
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The first random forest algorithm was introduced in 1995 by Tin Kam Ho using the random
subspace method. This method implements the classification strategy originally proposed by
Eugene Kleinberg, "stochastic discrimination™.

A more advanced version of the algorithm was later developed by Leo Breiman and Adele
Cutler, who trademarked "Random Forests" in 2006 (the trademark is currently owned by Minitab,
Inc. as of 2019). This extension combines Breimann's "covering" technique with a random selection
of features-a concept first introduced by Ho and later independently extended by Amit and Geman-
to create a set of decision trees with reduced variance.

k-Nearest Neighbor

In statistics, the k-nearest neighbor algorithm (k-NN) is a nonparametric supervised learning
method first introduced by Evelyn Fix and Joseph Hodges in 1951 and later extended by Thomas
Cover. It is commonly used for classification, where it serves as a k-NN classifier. In this context,
the algorithm assigns class membership to an object based on the majority vote of its k nearest
neighbors. An object is classified into the class that is most common among its neighbors. When
k=1, the object is assigned to the class of its nearest neighbor.

The k-NN algorithm can also be applied to regression tasks, known as k-NN regression or
nearest neighbor smoothing. Here, the output is a numerical feature, which is calculated as the
average of the k nearest neighbors. Similarly, when k=1, the output is the value of the nearest
neighbor, often referred to as nearest neighbor interpolation.

In both classification and regression, it is often advantageous to assign weights to neighbors
based on their distance from the target object, giving greater weight to the nearest neighbors. A
common weighting scheme assigns a weight of 1/d, where d is the distance to the neighbor, which
ensures that the nearest neighbors contribute more to the result.

Results

In this section, predictions are made by machine learning algorithms after a preprocessing
process on the dataset used in the study to detect Parkinson's disease.

Preprocessing

The dataset considered in the study consists of 24 columns and 195 rows. The calculations
for the dataset considered in the study for the disease are summarized in Figure 1 below.
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Figure 1. Proportion of Parkinson's disease in the dataset.
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As shown in the figure above, the proportion of Parkinson's disease patients in the dataset
used in the study is 75 percent. This means that the majority of the data in the dataset is filled with
data from patients with Parkinson's disease. Table 1 below shows the dataset used in this study.

Table 1. Dataset used in the study.

MDVP:Fo(Hz) MDVP:Fh  MDVP: MDVP:Jitt MDVP:P Jitter:DDP status
name i(Hz) Flo(Hz) er(%) PQ
0 phon_R01_S01 1 119.992 157.302 74.997 0.00370 0.00554 1
1 phon_R01_S01 2 122.400 148.650 113.819 0.00465 0.00696 1
2 phon_R01_S01_3 116.682 131.111 111.555 0.00544 0.00781 1
3 phon_R01_S01 4 116.676 137.871 111.366 0.00502 0.00698 1
4 phon_R01_S01 5 116.014 141.781 110.655 0.00655 0.00908 1

The MDVP:Fo(Hz) values given in Table 1 are the mean vocal fundamental frequency
values. Figure 2 below shows the prevalence of MDVP:Fo in Parkinson's disease.
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Figure 2. Prevalence of Parkinson's disease according to MDVP:Fo.
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From the above diagram, it is observed that Parkinson's disease is more common at low Hz
values of the mean vocal fundamental frequency. These results can be seen in the diagram shown in

Figure 3 below.
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Figure 3. Relative frequencies of MDVP:Fo prevalence in Parkinson's disease.
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In order to clarify the study, the relationships between the values of the given variables in
the dataset were examined. During this examination, the appearance of the correlation data set is
shown in Figure 4 below.
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Figure 4. Results of the correlation dataset

After these steps, the data in the dataset is ready for machine learning algorithms to make
predictions. Table 1 below presents the results of the machine learning algorithms used in the study.
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Table 1. Results of machine learning algorithms in the detection of Parkinson's disease.

Model Precision Recall F1-Score Accuracy
1 Logistic Regression 0.888889 1.000000 0.941176 0.897436
2 Support Vector Machine(linear) 0.888889 1.000000 0.941176 0.897436
3 Decision Tree 0.937500 0.937500 0.937500 0.897436
4 Random Forest 0.939394 0.968750 0.953846 0.923077
5 K-Nearest Neighbor 0.941176 1.000000 0.969697 0.948718

The table above shows the results of machine learning algorithms for the detection of
Parkinson's disease, which was the goal of the study. As shown in the table, the precision, recall, f1-
score, and accuracy scores of the Logistic Regression and Support Vector Machine (linear) models
were the same. However, these values showed a low indicator compared to other models used in the
study. The Decision Tree value was higher than the Logistic Regression and Support Vector
Machine (linear) models in terms of precision, recall, and f1-score, but the accuracy values showed
the same indicator, i.e. 89 percent. We can accept 89 percent as a high accuracy compared to the
current works in this field. The high indicators in the study were achieved by the Random Forest
and K-Nearest Neighbor models. The Random Forest model had precision 94%, recall 97%, f1-
score 95%, and accuracy 92%. The K-Nearest Neighbor model is recommended for use in the
diagnosis of Parkinson's disease, showing the results of the study with precision 94%, recall 100%,
fl-score 97%, accuracy 95%, respectively. A comparative chart of machine learning models is
shown in Figure 5 below.
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Figure 5. Comparative chart of model performance
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Conclusion

The study analyzed the effectiveness and accuracy of machine learning algorithms for the
diagnosis of Parkinson's disease. The data set preprocessing process improved the quality of the
data. It became the basis for improving the predictive ability of the models. The results of the study
showed that all the models used were able to diagnose Parkinson's disease to a certain extent, but
their effectiveness varied depending on the indicators.

When comparing the performance of the algorithms, the Random Forest and K-Nearest
Neighbor models achieved the highest accuracy indicators. In particular, the K-Nearest Neighbor
model was distinguished by Precision 94%, Recall 100%, F1-Score 97%, and Accuracy 95%. These
results allow us to recommend this model as a highly effective method for the diagnosis of
Parkinson's disease.

Logistic Regression and Support Vector Machine (linear) models showed relatively low
performance. They helped to identify the main trends in the diagnosis of the disease. Although the
Decision Tree model also showed good results, its accuracy was lower than that of the Random
Forest and K-Nearest Neighbor models.

Compared with current studies, the obtained accuracy rates (89%-95%) prove that machine
learning methods are suitable for practical use in the diagnosis of Parkinson's disease. In addition,
these results allow for early detection of the disease and support clinical decisions.

In the future, it is recommended to optimize the hyperparameters in the models, use a larger and
more diverse dataset, and improve the results by using neural networks. These methods can further
increase the reliability and accuracy of the diagnosis of Parkinson's disease.
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